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SUMMARY 
A numerical method based on the conservation form of the full potential equation has 
been applied to the problem of three-dimensiohal supersonic flows with embedded sub- 
sonic regions. The governing equation is cast in a nonorthogonal coordinate system, and 
the theory of characteristics is used to accurately monitor the. type-dependent flow field. 
A conservative switching scheme is employed to transition from the supersonic marching 
procedure to a subsonic relaxation algorithm and vice versa. The newly developed com- 
puter program can handle arbitrary geometries with fuselage, canard, wing, 4 ~ : v  $hh.r_c.:!ph 
nacelle, vertical tail and wake components at combined angles of attack and sideslip. Re- 
sults are obtained for a variety of configurations that include a Langley advanced fighter 
concept with fuselage centerline nacelle, Rockwell's Advanced Tactical Fighter (ATF) with 
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An examination of the literature for supersonic/hypersonic aircraft provides an indi- 
cation of the flexibility and generality required for a prediction technique. Typical config- 
uration development variables include wing section, incidence, height, dihedral, planform, 
effectiveness of longitudinal control surfaces for trim, effectiveness of empennage for direc- 
tional st ability, and propulsion system-airframe interactions. 
State-of-the-art response to these prediction requirements is provided by hypersonic 
impact methods as well as linearized analysis and design algorithms. These approaches can 
treat complex geometries with minimum response time and cost, with efficient predicted 
data coverage in terms of Mach number, angle of attack, trim deflection, yaw angle, etc. 
Shortcomings are present, however, in both the impact and linearized methods. For the 
former, interference between surface elements is totally ignored in implementations such 
as classical Newtonian, tangent wedge, and cone theories. Crossflow interactions and 
stagnation point singularities are also implicitly disregarded. In the latter, shocks, vorticity, 
and entropy wakes and layers are excluded. E’urt hermore, superposition of elementary 
solutions such as those for thickness and angle of attack freely used in linear models are, 
strictly speaking, invalid at hypersonic speeds. 
A need exists for new aerodynamic prediction techniques to optimize vehicles designed 
to travel at supersonic/hypersonic speeds. One requirement of a new aerodynamic pre- 
diction technique is that it be more accurate than simple noninterfering panel methods. 
Another specification is that it be more computationally efficient than currently available 
explicit finitedifference methods so that it can be incorporzted into a practical design 
1 
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procedure. The new approach should include enough of the physics of the flow to allow 
realistic optimization and should permit consideration of appropriate interactions between 
components of promising arrangements, since this has been found to be the key to in- 
creasing aerodynamic efficiency using linear methodology. Nonlinear potential theoretical 
formulations hold the promise of meeting this objective and providing economic design 
codes which are responsive to conceptual vehicle definition efforts. 
A nonlinear aerodynamic prediction technique based on the full potential equation in 
consemation form has been developed for the treatment of supersonic flows. References 1 
and 2 contain the details of the theoretical development of the full potential analysis 
method. Detailed description of the method can be found in the publications in Ap- 
pendix A. The second and third papers of the Appendix constitute a user’s manual for the 
full potential analysis code. Contained therein is a brief description of the code organiza- 
tion, main program and subroutines, flow variables, input data format, and sample test 
cases. 
The computer program entitled, “Nonlinear Supersonic Full Potential Analysis Pro- 
gram” can be obtained for a fee from: 
Computer Software Management and Information Center (COSMIC) 
112 Barrow Hall 
University of Georgia 








































Request the program package by the designation LAR-13413. The program is written 
in FORTRAN IV for use on the Control Data 6600 and the CYBER series of computers. 
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2. FULL POTENTIAL METHOD 
The full potential equation in conservative or nonconservative form is frequently 
used for transonic flow analysis, where the local Mach number does not exceed approx- 
imately 1.4. If the assumptions of irrotationality and isentropicity are reasonably valid, 
then the full potential equation is expected to yield results comparable to Euler equations, 
even for supersonic/hypersonic flow fields. For conceptual design studies, where short 
response time is desired, the full potential methods can be an attractive substitute for 
expensive Euler methods and less accurate linear theory methods. 
A nonlinear aerodynamic prediction technique based on the full potential equation in 
conservation form has been developed for the treatment of supersonic flows. A detailed 
description of the method has been presented in several published The most 
recent publications are enclosed in Appendix A for convenience. The first three paperss-8 
describe the method for the treatment of predominantly supersonic flows with regions of 
subsonic flow that usually occur at low supersonic Mach numberswith the 2nd and 3rd 
papers constituting a user’s manual for the full potential analysis code. The final two 
papers9*l0 in the Appendix describe the method to treat the unsteady form of the full 
potential equation. Additional information on the unsteady treatment may be found in 
References 11 and 12. For blunt nosed configurations with a detached bow shock, the 
unsteady method is used to generate the starting solution for the marching code. Since 
the Appendix describes the full potential method, only the results not included in the 








































The following summarizes the salient features of the subject full potential code. Details 
can be found in the noted references. 
0 Equation in conservation form (see Refs. 1-6) 
0 Flu linearized upwind differencing in the marching direction (see Refs. 2-6) 
0 Conservative switch operators to treat embedded subsonic zones (see Refs. 2 and 3) 
0 Treatment of wakes (see Refs. 2-6) 
0 Yaw and angle of attack (see Refs. 2, 5 ,  and 6) 
0 Complex geometry treatment (fuselage, canopy, wing, canard, nacelle, tail, multibody, 
etc.) (see Refs. 2, 5, and 6) 
0 Treatment of blunt nose using unsteady full potential methods (see Refs. 9-12) 
0 Numerical grid generation with constraints (see Refs. 2, 4, 5 ,  and 6-8) 




The full potential analysis code can handle complex aircraft geometries as well as 
multibody configurations. The following set of fbur different configuration studies clearly 
demonstrate the versatility and robustness of the code in handling a wide variety of non- 
linear flows. 
The results to be presented here are 
1) Langley’s canard-wing fighter configuration, Figures 1 through 21. 
Figures 1-2 indicate the complexity of the fighter geometry. Figure 3 schematically 
shows the variation of the sross plane geometry from the nose to the back end. Figures 4- 
11 show the cross-sectional geometry and the corresponding grid setup at various axial 
stations. Figure 12 shows the circumferential pressure distribution at an axial station 
where only the canard is present. Figure 13 shows the pressure contours, cross flow velocity 
vectors, and the cross flow streamlines at this axial station. The cross flow velocity vectors 
and cross flow streamlines are obtained by projecting the total velocity vector on a unit 
sphere whose center is at the nose of the geometry. Figures 14-19 show similar results at 
other axial stations. The formation of a shock around the inlet is clearly seen in Fig. 19. 
Figure 20 shows the computational geometry and the surface grid points for this Langley 
fighter. Figure 21 shows the pressure contours in the plane of symmetry. 
2) Rockwell’s Advanced Tactical Fighter with a flow through nacelle, Figures 22 
through 24.  







































Figure 22 shows the geometry of an advanced tactical fighter with a nacelle mounted 
on the undersurface of the wing. The figure also shows the surface grid setup. Figure 23 
shows the grid at  an axial station where the nacelle is present. Figure 24 shows the pressure 
contours at  this axial station and the corresptmding crossflow velocity 
vectors. 
3) Isolated Shuttle Orbiter flow, Figures 25 through 2 7 ,  
Figure 25 shows the geometry of the Shuttle Orbiter. Figure 26 shows the upper 
surface chordwise pressure distribution at  various span stations at M ,  = 1.4 and a = 
-1.94'. The agreement with experimental data is very good. Figure 27 shows the OMS 
pod shock formation and its impingement on the upper wing surface. 
4) Shuttle Orbiter - External Tank mated configuration, Figures 28 through 31. 
Figure 28 shows the multibody problem of the Shuttle mated configuration with the 
External Tank and the Solid Rocket Boosters present. Figure 29 shows a typical gridding 
for this multibody problem at an axial station where the OMS pod, External Tank/SRB, 
and the blockage are all present. Figure 2.9 shows the pressure contours at this axial station 
indicating-the OMS pod shock and the detached shock in front of the blockage. Figure 30 
shows the Orbiter lower surface chordwise pressure with and without the blockage effect. 
The comparison with experimental data is good when the blockage effect is accounted 
for. Figure 31 shows the computational geometry and surface gridding for the mated 





















The Shuttle Orbiter and the Orbiter/External Tank studies were performed as part of 
another contract from the Space Division of Rockwell International and funded by NASA- 
MSFC, Contract No. NAS9-14000. They are included in this contract report only for 
completeness in illustrating the overall capability of the full potential code. 
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4. CONCLUSIONS 
The full potential analysis code has developed into a powerful nonlinear tool for the 
analysis of complex aerodynamic configurations: Modifications and enhancements allow 
analysis of complc'o configurations including fuselage, canard, wing, vertical and/or hori- 
zontal tail, nacelle (body or wing mounted), wake interference effects and multibody flows. 
Comparisons with available experimental data are in good agreement. 
The code is operational on several computer systems, such as the CRAY-XMP, CY- 
BER 203, CDC 7600, CYBER 176 and 175. A vectorized version of the code for the 
VPS-32 (modified CYBER 205) is currently in development. When fully developed and 
optimized, the vectorized code is expected to be able to analyze a complete fighter-like 
configuration in 20-30 seconds using the VPS-32 or CRAY-XMP class machine. 
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Fig. 3. Variation in cross-sectional shape. 
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Fig. 20. Computational geometry and surface grid points. I 
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Fig. 21. Pressure contours in the plane of symmetry. 
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NONLLNEAR COMPUTATION OF IW?C-BODY-VERTLCAL T\L!.-IJAKE FLOWS AT LOW SUPERSONIC SPEEDS 
Kuo-Yen Szema* and V i j a y a  Shankar** 
Rockwell I n t e r n a t i o n a l  S c t e n c c  C e n t e r  
Thousand Oaks, C a i i f o r n i a  
A b s t r a c t  
A numer ica l  method based on t h e  c o n s e r v a t i o n  
form of the  ful l .  p o t e n t i a l  e q u a t i o n  has been ap- 
p l  Led t o  t h e  problem of three-dtmensfonal  super -  
s o n i c  f lows v i t h  embedded s u b s o n i c  reg ions .  The 
gover-iing e q u a t i o n  is cast t n  a nonor thogonal  
i o o r d i n a t e  s y s t e m ,  and the t h e o r y  of c h a r a c t e r -  
i s t ics  1s used t o  a c c u r a t e l y  monitor  t h e  type-  
dependent  Elow f i e l d .  A c o n s e r v a t i v e  s w i t c h i n g  
scheme is employed t o  t r a n s i t i o n  from t h e  super -  
s o n i c  marching procedure  to  a s u b s o a i c  r e l a x a t i o n  
a l g o r t t h m  and vice v e r s a .  T!w newly developed  
computer program can  handle  a r b i t r a r y  g e o m e t r i e s  
u i t h  f u s e l a g e ,  wing, v e c t f c a l  tat1 and wake com- 
ponents  a t  combined a n g l e  of a t t a c k  and s i d e -  
s l i p .  R e s u l t s  are presented  €or  a low s u p e r s o n i c  
mach numbers f low o v e r  the S h u t t l e  o r b i t e r  ( i n -  
c l u d t n g  t h e  OMS pods and v e r t i c a l  t a i l ) ,  and f o r  
f lows  over  a rea l l s t ic  f i g h t e r  t y p e  c o n f i g u r a -  
t t o n .  Comparisons wt th  exper imenta l  d a t a  are 
shown t o  be tn  good agreement f o r  v a r i o u s  cases. 
I. I n t r o d u c t i o n  
C u r r e n t l y  a v a t l a b l e  numer ica l  a l g o r i t h m s  t o  
coa ,mtc  tlie Lou s u p e r s o n i c ,  i n v i s c i d  f low about  
compLex c o n f i g u r a t i o n s  a r e  f r e q u e n t l y  e i t h e r  
inadequate1 or too  c o s t l y  t o  u8e tor  r o u t i n e  
a n a l y s i s . 2  ~3 Tor t r e a t m e n t  of low s u p e r s o n t c  
flows, t h e  f u l l  p o t e n t i a l  method4 i s  an i d e a l  
s u b s t i t u t e  for the E u l e r  methods to avoid  t h e  
Tequirements  of e x c e s s i v e  computer tlme and 
roeioory . 
Recent ly ,  Shakar  et  a i 4  have developed a 
numer ica l  method based on t h e  c h a r a c t e r i s t t c  
t h e o r y  t o  s o l v e  t h e  problem of s u p e r s o n i c  flow 
with embedded s u b s o n i c  reg ions .  ReLerence 4 
d e s c  r i bes the  cha rac te  r is  t i c  t h e o r y  t n v o l  ved i n  
d e t e r m i n i n g  t h e  c o n d i t i o n  f o r  a marching d i r e c t i o n  
t o  e x i s t .  Once t h a t  c o n d i t i o n  t s  v i o l a t e d ,  t h e  
inarchins scheme is t r a n s t t i o n e d  t o  a r e l a x a t t o n  
sciieine through a c o n s e r v a t i v e  s w i t c h i n g  opera-  
t o r .  Tor  t h e  n a r c 5 i n g  c o n d t t f o n  v i o l a t i o n ,  t h e  
t o t a l  v e l o c t t y  q does  not have t o  be s u b s o n i c .  
Even :OK .I s u p e r s o n i c  t o t a l  v e l o c i t y  q ,  i f  t h e  
coinponent i n  t h e  marching d i r e c t t o n  Ls s u b s o n i c ,  a 
r s l s x a t . i o n  scl:eme is requi red .  I n  order to  pro- 
perly produce t h e  necessary  artLEicial v i s c o s i t y  
thrixlgii d e n s i t y  b i a s i n g ,  R e f e r e n c e  4 d e l i n e s  two 
s t t i i a t i o n a :  (1) t h e  t o t a l  v e l o c t t y  q i s  super -  
sonic, but  the  loarching d i r e c t t o n  component is 
:subsonic ( d e f i n e d  as Yarclifng Subsonic  Region 
(YSR)) ,  and (2)  tlie t o t a l  v e l o c i t y  q ts  s u b s o n i c  
( termed :IS Tot.41 Subsonic Region (TSK)). The 
method of Reference  4 uses a nuiner tcnl  map2tng 
technique  t o  g e n e r d t e  the body f i t t e d ,  nonortho-  
yona l  c u r v i l i n e a r  c o o r ~ i i n i c t c s  system. Tha key 
advantage  is t h a t  i t  has no r e s t r i c t i o n s  on i t s  
-- 
*!lember T e c h n i c a l  S t s E t ' ,  Yeinber h l A A  
**'4anayer, CFD Group ,  .4ssoc iicte Fel low .AI&! 
Cup?riyht .: American lnstitulc of .Aeronautics and 
A,!ronautics. Inc.. 19R4. All rights rcsemed. 40 
a p p l i c a b t l i t y  t o  complex g e o m e t r i e s  and i n t r i c a : e  
shocked f low f i e l d s .  
The main purpose of t h l s  s t u d y  is t o  ex tend  
the  methodology of R e f e r e n c e  4 t o  i n v e s t i g a t e  
r u p e r s o n i c  €Lows w i t h  l a r g e  embedded s u b s o n i c  re- 
gions o v e r  complex c o n f l g u r a t t o n s ,  and its w e l l  as  
e x t e n d  t h e  t r e a t m e n t  t o  combtned a n g l e  of a t t a c k  
and yaw cases. A l l  t h e  c a l c u l a t t o n s  r e p o r t e d  i n  
t h i s  paper  were performed ustng t h e  O C  CYBER 176 
computer. A t y p i c a l  c a l c u L a t i o n  o v e r  a comple te  
c o n f t g u r a t i o n  r e q u i r e s  15 minutes  of CPU t i m e  on 
the  CYRER s y s t e m  or 3 minutes  on t h e  CRAY 1. 
11. Basic Fonnula t  i o n  
The s t e a d y ,  c o n s e r v a t t v e  f u l l  p o t e n t i a l  equa- 
t i o n  cast i n  a n  a r b i t r a r y  c o o r d i n a t e  s y s t e m  de- 
f i n e d  by r: = C ( x , y , z ) ,  n = n ( x , y , z )  and F = 
F(x.y.2)  can  be v r i t t e n  its 
where t h e  d e n s i t y  p t s  g i v e n  by 
and ?i, ts  the  f r e e  stream mach number, a is t h e  
l o c a l  speed  of sound and U , V , W  are the c o n t r a v a r i -  
a n t  v e l o c i t y  components. I n t r o d u c i n g  the  follow- 
Lng n o t a t i o n  f o r  convenlence .  





















i = 1 . 2 . 3  
i = 1 , 2 , 3  ( t r a n s f o r m a -  3 ?X. A X .  a = T 2 2  
ij k=l  j = 1 , 2 , 3  t i o n  m e t r i c s )  
The J a c o b i a n  of t h e  t r a n s € o r m a t i o n  J is 
r e p r e s e n t e d  by 
I 
I 
The n a t u r e  of Eq. (1) can  be ana lyzed  by 
s t u d y i n g  t h e  e i g e n v a l u e  sys tem of Eq. (1) combined 
wi th  t h e  i r r o t a t i o n a l i t y  c o n d i t i o n  i n  t h e  (C,n) 
and ( C , F )  planes .  A d e t a i l e d  d i s c u s s i o n  on t h i s  
c a n  be found i n  Reference  4.  T h e r e f o r e ,  o n l y  t h e  
f i n a l  r e s u l t s  are p r e s e n t e d  here .  
1. A t  a g r i d  p o i n t ,  t h e  marching d i r e c t i o n  r: 
is h y p e r b o l i c  and t h e  t o t a l  v e l o c i t y  q is 
U2 
s u p e r s o n i c ,  (all - --I < 0, q > a. 
a2 
p o i n t  w i l l  use  t h e  a l g o r i t h m  of Reference  
5. 
T h i s  
2. A t  a g r i d  point, t h e  marching d i r e c t i o n  t 
U2 
a2 
is  e l l i p t i c ,  (all - --'I > 0 ,  but  t h e  
t o t a l  v e l o c i t y  q is s u p e r s o n i c ,  q > a. 
This poim w i l l  be t r e a t e d  by a t r a n s o n i c  
o p e r a t o r  wi th  a b u i l t - i n  d e n s i t y  b i a s i n g  
aL based  on the magnitude of f 1 - -). 
q2 
3. A t  a g r i d  p o i n t ,  t h e  d i r e c t i o n  < is 
e l l i p t i c  and t h e  t o t a l  v e l o c i t y  q i s  
sonic, q < a. T h i s  p o i n t  w i l l  be t r e a t e d  
by a s u b s o n i c  c e n t r a l  d i f f e r e n c e d  
o p e r a  t o r .  
111. Method of S o l u t i o n  
F i g u r e  1 shows t h e  s c h e m a t i c  of a f u s e l a g e -  
canopy forebody geometry w i t h  an  embedded MSR and 
TSR p r e s e n t  i n  a s u p e r s o n i c  flow. To s o l v e  this  
problem, the marching scheme of R e f e r e n c e  5 is 
used when ( a l l  - -1 is n e g a t i v e ,  and a r e l a x a t i o n  
scheme is  used when ( a  - --'I is p o s i t i v e .  
F i r s t ,  march from t h e  nose up t o  t h e  p l a n e  denoted 
by (A-B) in Fig. 1, u s i n g  t h e  method of Reference  
5. Then, between (A-B) and (C-D) ,  which embed the  
s u b s o n i c  bubble  (MSR and TSR), use  a r e l a x a t i o n  
scheme and i terate  u n t i l  t h e  s u b s o n i c  bubble  is 
f u l l y  c a p t u r e d .  Then, resume t h e  marching scheme 

















Fig. 1 Embedded subsonic  bubble  i n  a s u p e r s o n i c  
flow. 
1. Treatment  of a/hC (p U/J)  Term 
Th f i n i t e - d i E f e r e n c e  o p e r a t o r  a t  p o i n t  
( i+l ,  3,k) f o r  t h e  f i r s t  term in Eq. (1) may be 
w r i t t e n  as 
A u  a U - f p  = O i  (0 -1 
J i+l al: 
s u p e r s o n i c  
where 
marching 
s u b s o n i c  
r e f e r s  t o  backward d i E f e r e n c i n g  
+ 
3 r e f e r s  t o  forward d i E f e r e n c i n g  
= o i f  fall - - u 2 > o  . 
a2 
The f i r s t  term in Eq. ( 4 )  cor responds  t o  t h e  
s u p e r s o n i c  marching o p e r a t o r  and t h e  second term 
is t h e  s u b s o n i c  o p e r a t o r .  By u s i n g  a l o c a l  l i n e r -  
i z a t i o n  p r o c e d u r e ,  Eq. (5) can  be expressed  i n  
term of 6 only.  Details of the  procedure  a r e  
g i v e n  in Refs. 4 and 5. 
2. Treatment  of a/an (p V/J) Term 
The f i n i t e  d i f f e r e n c e  o p e r a t o r  f o r  t h e  second 
term in Eq. (1) is g i v e n  as - 
s u p e r s o n i c  
where marching 
,2 s u b s o n i c  
i+l a2 i+l 
Q - 1 i f  fall - -1 < o ( s u p e r s o n i c  
p o i n t )  
U2 ei+l - o i f  (all - 4 > 0 (MSR) . 
a2 i+l 
When Bi+l = 1, t h a t  is, t h e  p o i n t  is super -  
s o n i c  w i t h  r e s p e c t  t o  < ,  o n l y  the f i r s t - t e r m  i n  
E q . ( 6 )  is used and t h e  b i a s e d  d e n s i t y  p i s  
d e f i n e d  by ( f o r  'v' > 0) 
where 
In Eq. ( 7 ) ,  t h e  e v a l u a t i o n  of o *  depends on 
whether  t h e  f low is  c o n i c a l  o r  nonconica l .  For  
c o n i c a l  f lows ,  a l l  D *  q u a n t i t i e s  are e v a l u a t e d  a t  
t h e  ith plane .  For  nonconica l  f l o w s ,  a t  each  non- 
c o n i c a l  marching p l a n e ,  i n i t i a l l y  p*  is seen  t o  b e  
t h e  v a l u e  a t  t h e  ith p l a n e  and then  s u b s e q u e n t l y  
i t e r a t e d  t o  convergence  by s e t t i n g  p *  t o  t h e  
47 
prev ious  i t e r a t e d  value of p a t  t h e  c u r r e n t  i+l 
plane.  
When the  p o i n t  is e l l i p t i c ,  t h e  d e n s i t y  
b i a s i n g  is d e f i n e d  by 
a2 
q2 
where % = maxf0, 1 - -1. As b e f o r e ,  t h e  supe r -  
s c r i p t  n+l d e n o t e s  the c u r r e n t  r e l a x a t i o n  c y c l e  
f o r  a s u b s o n i c  bubble c a l c u l a l i o n .  Note  t h e  d i f -  
f e r e n c e  i n  t h e  d e f i n i t i o n  of v and 5. 
b i a s i q  in t h e  c r o s s  f low d i r e c t i o n  n is t u r n e d  
o f f  when t h e  t o F a l  v e l o c i t y  q is less than  t h e  
speed of sound a. The i m p i i c l t  t r e a t m e n t  of V i n  
the marching subson ic  o p e r a t o r  of Eq ( 6 )  is the 
same as t h a t  of the s u p e r s o n i c  p a r t ,  e x p l a i n e d  i n  
Refe rence  5. 
The d e n s i t y  
W 
A similar procedure is implemented f o r  f o  T ) ~  
term in Eq. (1). 
3. I m p l i c i t  F a c t o r i z a t i o n  Algori thm 
Combining t h e  v a r i o u s  t e rms  of Eq. (1) as rep- 
r e s e n t e d  by Eqs. (5)-(8)  t o g e t h e r  w i t h  t h e  terms 
a r i s i n g  from f o  -1 ~ w i l l  r e s u l t  i n  a f u l l y  i m -  
p l i c i t  model. T h i s  is s o l v e d  using a n  approx ima te  
f a c t o r i z a t i o n  i m p l i c i t  scheme. A f t e r  some rear- 
rangement of t h e  terms, t h e  f a c t o r e d  i m p l i c i t  
scheme becomes 
W 
r r  -I 
r -  1 
The d e n s i t y  p a p p e a r i n g  i n  Eq. ( 9 )  and Eq. (10) 
c a n  be e i t h e r  p or p depend ing  on t h e  s i g n  of 
U2 
a2 
f a l l  - -1 as i l l u s t r a t e d  in Eq. (4). 
E q u a t i o n  (9) has the form $Ln(A6)  = B 
and i t  is implemented as f o l l o w s :  
I.,(Ah)* = R Ln(Ah)  - ( A h ) *  b i+ l  = * l  + - 
The v a r i o u s  q u a n t i t i e s  a p p e a r i n g  i n  E?. ( 9 )  are 
g i v e n  by 
- 
A r  O a  
i+l h f o  J i+l  
- (1 - 4  ) -(---!A 
i + l  A T o  = ci+2 - r 
I 
I 
If t h e  flow f i e l d  does  no t  c o n t a i n  an embedded 
MSR or  TSR, t h e  i m p l i c i t  f a c t o r e d  a l g o r i t l u n  oC 
Eq. ( 9 )  performs n pur? marching p rocedure  s ta r t -  
ing Eroa  an f n i t i a l  known d a t a  p l ane .  Kn t h i s  
s i t u a t i o n ,  t h e r e  is no need to  go back to  the  
upstream s t a r t i n g  p l ane  and i t e r a t e  t h e  s o l u -  
t i o n .  However, i f  a s u b s o n i c  bubble  is p r e s n t  
(between p l a n e s  AB and CD i n  Fig. I ,  t hen  t h e  
s o l u t i o n  p rocedure  of Eq. ( 9 )  performs n r e l a x a -  
t i o n  method, and i t e r a t e s  €or  t h e  e l l i p t i c  sub- 




I V .  I n i t i a l  C o n d i t i o n s  
F u r  a pure s u p e r s o n i c  f low,  i n i t i a l  c o n d i t i o n s  
are r e q u i r e d  a t  t h e  s t a r t i n g  p l a n e .  TJsually,  t h e  
s t a r t i n g  p l ane  is s e t  c l o s e  t o  t h e  nose r eZ ion  oC 
t h e  c o n f i g u r a t i o n .  For a s h a r p  nosed c o n f i g u r a -  
t i o n ,  c o n i c a l  s o l u t i o n s  are p r e s c r i b e d ,  and f o r  a 
h l u n t  nose, t h e  ax i symmet r i c  t insteady f u l l  poten- 
t i a l  solver of Refe rence  h is used t o  o b t a i n  flow 
f i e l d  i n  t h e  t r a n s o n i c  €orbody r eg ion .  
In t h e  embedded s u b s o n i c  r e g i o n ,  when Eq. ( 5 )  
is  a p p l i e d  a t  a n  i+1 g r i d  p o i n t ,  i n f o r m a t i o n  on 
t h e  F L U X  OU a t  i+2 is r e q u i r e d .  For t h e  € i r s t  

























2 1 2 l ly -1  
Pi+2 = p*  = I- + Y z  H,'" y+l  y + l  
( 1 2 )  
where 
The s o n i c  v a l u e s  p *  and q* are p u r e l y  a func- 
t i o n  o €  t h e  f r e e - s t r e a m  Mach number M,. For t h e  
second r e l a x a t i o n  cycle and onwards, t h e  condi-  
t i o n s  from t h e  p r e v i o u s  r e l a x a t i o n  c y c l e  is used. 
V. Boundary C o n d i t i o n s  
I n  o r d e r  t o  s o l v e  the f u l l  p o t e n t i a l  e q u a t i o n ,  
i t  is e s s e n t i a l  t o  s p e c i f y  a p p r o p r i a t e  boundary 
c o n d i t i o n s  of the  body s u r f a c e  and o u t e r  boundary. 
1. Body S u r f a c e  
A t  a s o l i d  boundary,  t h e  c o n t r a v a r i a n t  veloc-  
i t y  V is set t o  zero .  Exac t  implementa t ion  of V = 
0 i n  the  i m p l i c i t  t r e a t m e n t  of Eq. (9)  i s  des-  
c r i b e d  i n  R e f e r e n c e  4. 
2. Outer  Boundary 
The o u t e r  boundary is set away from t h e  bow 
shock and t h e  freestream v e l o c i t y  p o t e n t i a l  @, is  
imposed a l o n g  t h a t  boundary. All d i s c o n t i n u i t i e s  
i n  t h e  flow f i e l d  are c a p t u r e d .  The p r e c i s e  den- 
s i t y  b i a s i n g  a c t i v a t o r  v ,  based on the  character- 
i s t i c  t h e o r y ,  a l l o w s  f o r  s h a r p  c a p t u r i n g  of shocks  
i n  t h e  flow. 
3 .  Symmetric Boundary C o n d i t i o n s  
For  yaw a n g l e  R 0, o n l y  t h e  h a l f  p lane  prob- 
lem needs t o  be s o l v e d  wi th  the p lane  of symmetry 
boundary c o n d i t i o n s  imposed a l o n g  K = 2 and (Kmax 
- !), as shown in Fig. 2a. Imposing t h a t  t h e  f low 
c o n d i t i o n s  a l o n g  K = 1 are t o  be t h e  same as the  
ones a l o n g  K = 3 ,  t h e  LF o p e r a t o r  r e s u l t s  i n  a 
t r i d i a g o n a l  system t h a t  ' can  be eas i ly  so lved .  
5CB3 24987 
K M A X -  1 
K M A X - 2  I I K M A X  
K 1 2 3  
K M A X - 1  K I K M A X - 1 1  2 
a )  PLANE OF S Y M M E T R Y  bl  P E R I O D I C  C O N D I T I O N  FOR 
( Y A W  ANGLE 01 Y A W  T R E A T M E N T  
''1.1 '"1.3 l"j.1 ' c.'j.KMAX-2 
, '1 , K M A X  "'1, K M  AX - 2 '1'1. K M A X  ' ,.'j,3 . 
Fig .  2 Symmetry and p e r i o d i c  c o n d i t i o n s .  
4 .  Combined Y a w  and Angle of At tack  
Even f o r  a symmetr ic  c o n f i g u r a t i o n ,  when yaw 
a n g l e  is p r e s e n t  t h e  e n t i r e  c ross - f low p lane  needs  
t o  be s o l v e d  as shown i n  Fig. 2b. In t h i s  case 
t h e  f low c o n d i t o n s  a l o n g  K = 1 are set t o  be t h e  
same as t h e  ones a l o n g  K = (KMAX - 2). This 
d e s t r o y s  t h e  t r i d i a g o n a l  n a t u r e  of t h e  & 
o p e r a t o r .  A s p e c i a i  r o u t i n e  tm 
i n v e r t  a m a t r i x  of the f o l l o w i n g  
X 
X 
LF = *I 0 X X X x i] X 
been developed t o  
type .  
In t h e  c u r r e n t  f o r m u l a t i o n ,  p o s i t i v e  a n g l e  of 
a t t a c k  a r e p r e s e n t s  a p o s i t i v e  C a r t e s i a n  v e l o c i t y  
v in t h e  f r e e s t r e a m  and s i m i l a r l y  p o s i t i v e  yaw R 
produces a p o s i t i v e  w i n  t h e  f r e e  stream. When 
b o t h  a n g l e  of a t t a c k  and yaw are p r e s e n t ,  f i r s t  
t h e  f r e e s t r e a m  fs t u r n e d  by a n  a n g l e  R and t h e n  by 
a -  
L e t  ( x , y , z )  be t h e  i n e r t i a l  C a r t e s i a n  sys- 
t e m .  A f t e r  an  i n i t i a l  yaw t u r n  P l e t  t h e  wind 
axis system be ( x '  ,y '  , Z ' l , _ a n d  af ter  a subsequent  
a t u r n  l e t  i t  become ( x , y , z ) .  
( ! 4 )  
0 
C O S P  
cosa  cos4 s i m  
cosa 
-sinR 0 
The f r e e  stream is now a l o n g  <. 
free stream v e l o c i t y  p o t e n t i a l  is g i v e n  by 
The normal ized  
h, = X cosa  cos8 + y s inu  + z cosa sinR 
( 1 5 )  
Using Eq. ( 1 4 ) ,  t h e  l i f t ,  d rag  and s i d e  f o r c e s  are 
e a s i l y  r e p r e s e n t e d .  
D = Fx cosa cosP + F s im + FZ cosn s inP 
Y 
L = -F s im  cos8 + F c o w  ( 1 6 )  Y 
5. Swept T r a i l i n g  Edge Wake Treatment  
F i g u r e  3 shows a schemat ic  of a s w e p t  t r a i l i n g  
edge  wake system. In o r d e r  t o  treat  t h e  r e g i o n  
behind  the t r a i l i n g  edge ,  a n  a r t i f i c i a l  c u t  i s  
c r e a c e d  and cne p r e s s u r e  jump [Pj a c r o s s  tnis c u t  
is  imposed t o  be z e r o  as a boundary c o n d i t i o n .  
T h i s  is a c h i e v e d  by m a i n t a i n i n g  t h e  jump i n  t h e  
v e l o c i t y  p o t e n t i a l  6 a l o n g  a k = c o n s t a n t  l i n e  
( s e e  Fig.  3 )  f o r  j = 2 t o  be t h e  same as t h e  v a l u e  
[Ol a t  t h e  t r a i l i n g  edge.  The f u l l  p o t e n t i a l  
e q u a t i o n  is not  s o l v e d  a t  g r i d  p o i n t s  on t h e  wake 
c u t .  I n s t e a d ,  Qhh = 0 is  so lved  t o  p r o v i d e  [&,I = 
0 a c r o s s  t h e  wake c u t .  M a i n t a i n i n g  [ a ]  c o n s t a n t  
a l o n g  a k l i n e  p r o v i d e s  [ M I  = 0- The combina t ion  
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Idli + 1 ,  K - 1 = I m ] p  
[cbbl~ 
= [dlQ ['bli + 1. K . 
['li + I .  K + 1 
SOLVE 'b,,,, : 0 AT WAKE POINTS 
Fig.  3 Wake boundary c o n d i t i o n .  
of [o,] = 0 and [@,I  = 0 a c r o s s  t h e  c u t  s a t i s f i e s  
[ e ]  = 0 approximately.  
6. Geometry and Grid System 
0 KEY POINTS AT INPUT 
GEOMETRY STATONS ( x  a .  c )  
A INTERPOLATED KEY POINTS 
AT A MARCHING PLANE ( x  b )  
v I. II. 111 PATCHES Y Y 
IC83 25122 
F i g .  4 Geometry s e t u p .  
F i g u r e  5 shows t h e  p r e s s u r e  d i s t r i b u t i o n  on t h e  
s u r f a c e  of a n  arrow-wing c o n f i g u r a t i o n  a t  Loca t ion  
x/I = 0.8 € O K  bL = 2 . 9 ,  and n = LO". The improve- 
ment i n  t h e  p r e d i c t i o n  c a p a b i l i t y  a c h i e v e d  u s i n g  
the wake t r e a t m e n t  is i l l u s t r a t e d .  The dashed  
l i n e  r e p r e s e n t s  t h e  r e s u l t  from "no wake" t reat-  
ment (assumes a f l a t  p l a t e  behind t h e  t r a i l i n g  
edge )  and t h e  s o l i d  l i n e  r e p r e s e n t s  t h e  mod i€ ica -  
t l o n s  to  t h e  p r e s s u r e  d i s t r i b u t i o n  once a z e r o  
jump i n  p r e s s u r e  PCKOSS t h e  wake c u t  is imposed. 
The s o l i d  Line p r e s s u r e s  on t h e  body a g r e e  v e r y  
w e L L  w i th  expe r imen t s .  ! J i t hou t  rl prope r  wake c u t  
t r e a t m e n t ,  t h e  o v e r a l l  L i € t  and d r a g  e o r c e s  and 
t h e  p i t c h i n g  moment can  be o f f  by a c o n s i d e r a b l e  
ma r g  in .  
The geometry of a c o n E i g u r a t i o n  is p r e s c r i b e d  
a t  d i s c r e t e  p o i n t s  i n  a c r o s s p l a n e  (usua lLy  x = 
geometry i n p u t  p o i n t s  a r e  usualLy o b t a i n e d  €rom a 
geometry package such as GEHPACK o r  COS. The in-  
put  p o i n t s  are then  d i v i d e d  i n t o  s e v e r a l  p a t c h e s ,  
and a t  each  p a t c h  a key-point sys t em is e s t a b -  
l i s h e d  as shown i n  Fig. 4. The geometry a t  a 
marching p l ane  is then o b t a i n e d  by j o i n i n g  t h e  ap- 
p r o p r i a t e  key-point  €or  each patch. Using a c u b i c  
s p l i n e  p a s s i n g  through t h e  key p o i n t s ,  a d e s i r e d  
g r i d  p o i n t  d i s t r i b u t i o n  ( c l u s t e r i n g )  is set up on 
t h e  body s u r f a c e .  Then, u s i n g  an a p p r o p r i a t e  
Ou te r  boundary,  t h e  g r i d  €OK t h e  f l o w f i e l d  ca l cu -  
La t ion  is g e n e r a t e d  by u s i n g  a n  e l l i p t i c  g r i d  
g e n e r a t o r .  




V i .  R e s u l t s  and D i s c u s s i o n  '+&&J 
- 
- WITH WAKE TREATMENT --- WITHOUT WAKE TREATMENT 2 
~ 
* A  DATA NASA TM 81835 
4 
Four c a s e s  are p resen ted  t o  s u b s t a n t i a t e  t h e  0 2 L L -  11- ' j . -L-u  
0 0  0 2  0 4  0 6  0 8  1 0  
Z r e c e n t l y  deve loped  code. 
1. Flow over an arrow-wing body a t  "b, = Fig .  5 C i r c u m f e r e n t i a l  p r e s s u r e  d i s t r i b u t i o n  
2 . 9 6 ,  a = 10.01". 
2.  Flow o v e r  a €orebody c o n f i g u r a t i o n  a t  
% = 2 . 5 ,  R = 5" and a t  = 1.7,  
a = LO", 9 = 5". 
f o r  t h e  arrow-wing a t  x/q = 0.81, 
= 2 . 9 6 ,  T = 10". 
F i g u r e  6 p r e s e n t s  t h e  r e s s u r e  d i s t r t b u t i o n  on 
a f u l l y  deve loped  forebody' f o r  'L = 2 . 5  and yaw 
p r e s s u r e  d i s t r i b u t i o n  f o r  t h e  same body a t  x/9 = 
13.68 f o r  % = 1 . 7 ,  a = LO" and = j0.  The expe r -  
i m e n t a l  data '  a r e  a l s o  g i v e n  i n  t h e s e  tdo € i g u r e s .  
The r e s u l t s  show t h a t  t h e  p r e s e n t  p r e d i c t i o n  is  i n  
3. Flow ove r  the  e n t i r e  s h u t t l e  o r b i t e r  a n g l e  = 5 " .  F i g u r e  7 shows t h e  c i r c u m f e r e n t i a l  
geometry a t  Y- = 1.4,  a = 0". 
t i o n  a t  d i l f e r e n t  a n g l e s  of a t t a c k  and 
f r e e s t r e a m  mach numbers. e x c e l l e n t  agreement  wi th  t h e  e x p e r i m e n t a l  d a t a .  
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Fig.  6 P r e s s u r e  d i s t r i b u t i o n  on a Eorebody in 
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Fig.  7 C i r c ~ i i t f e r r a t b l  pieassre d i s t r i b u t i o n  OR 
a forebody a t  x/X = 5.02", a = 0". 
F i g u r e s  8 t o  18 g i v e  t h e  geometry and t h e  cor- 
responding  f low f i e l d  s o l u t i o n s  f o r  the  s h u t t l e  
o r b i t e r .  The s i d e  view, c r o s s  s e c t i o n  and g r i d  i n  
t h e  nose r e g i o n  are g iven  in Fig. 8. Tne t o p  
v iews ,  c r o s s - s e c t t o n ,  g r i d  and chordwise c r o s s -  
s e c t i o n  are  p r e s e n t e d  i n  Fig. 9. It should  be 
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F i g .  8 Nose r e g i o n  geometry f o r  Space S h u t t l e .  
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Fig.  9 Geometry and g r i d  g e n e r a t i o n  f o r  S h u t t l e  
o r b i t e r  a t  a x i a l  c u t s .  
s h u t t l e  c a l c u l a t i o n s 9  r10 t h e  geometry has  been 
modi f ied  by smoothing out  t h e  canopy and increas- 
ing t h e  wing sweep a n g l e  from 45 t o  55 d e g r e e s  i n  
o r d e r  t o  avoid  t h e  s u b s o n i c  bubble .  S i n c e  t h e  
m o d i f i c a t i o n .  
F i g u r e  10 shows t h e  s u r f a c e  p r e s s u r e  d i s t r i b u -  
t i o n  a l o n g  t h e  leeward  p l a n e  of symmetry. A t  x : 
170 in .  which is t h e  beginning  of t h e  canopy,  the 
p r e s s u r e  i n c r e a s e s  r a p i d l y  from Cp 9 0.3 t o  1.0, 
approximate ly .  I n  t h e  canopy r e g i o n  an HSR!TSR i s  
Eormed and r e q u i r e d  t h r e e  r e l a x a t i o n  c y c l e s  t o  
d e v e l o p  t h e  s o l u t i o n .  The c i r c u m f e r e n t i a l  s u r f a c e  
p r e s s u r e  d i s t r i b u t i o n  a t  x = 240 in. is shown in 
Fig .  11. The e x p e r i m e n t a l  d a t a  i s  a l s o  g i v e n  i n  
t h e s e  f i g u r e s  and t h e  agreement  is very  good. The 
s u r f a c e  p r e s s u r e  d i s t r i b u t i o n  a l o n g  t h e  wing lead-  
i n g  edge is g i v e n  i n  Fig.  12. It is s e e n  t h a t  t h e  
p r e s e n t  c a i c u i a t i o n  a g r e e s  with t h e  exper iment  
d a t a  q u i t e  w e l l  a long  t h e  e n t i r e  wing l e a d i n g  edge 
e x c e p t  i n  the v i c i n i t y  of t h e  wing-fuse lage  junc- 
t i o n ,  where a v o r t e x  f low may e x i s t .  
F i g u r e  13 t o  F i g u r e  17 p r e s e n t  t h e  o r b i t e r  
chordwise p r e s s u r e  d i s t r i b u t i o n  on t h e  upper  and 
lower wing s u r f a c e  a t  z = z/bw = 0.471, 0.530, 
0.641, 0.780 and 0.887, r e s p e c t i v e l y  where bw is  a 
semispan deEined i n  Fig.  8. The r e s u l t s  show t h a t  
51 
SC.3 111,. , I 1 - 
1 
0 EXPERIMENTAL DATA - 
a 
0 - 
--- 1ST PASS THROUGH SUBSONIC ZONE 
---2NOPASS  3RO PASS - 
- 




















! EXPERIMENTAL DATA 
UPPER SURFACE 
a 
0 0  
-0 2 
O 4t 1 0 I I I I 0 100 200 300 
Fig.  10 S u r f a c e  p r e s s u r e  d i s t r i b u t i o n  a t  leeward 
x(in) 




800 900 1000 1100 
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Fig.  14 S h u t t l e  o r b i t e r  chordwise p r e s s u r e  
- d i s t r i b u t i o n ;  bg, = 1.4, a = O.O", 
2 = 0.53. 
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wing l e a d i n g  edge. 
Fig.  12 S u r f a c e  p r e s s u r e  d i s t r i b u t i o n  a l o n g  t h e  
I 
t h e  p r e s e n t  p r e d i c t i o n s  a r e  i n  very  good agreement  
wi th  t h e  e x p e r i m e n t a l  d a t a ,  e x c e p t  i n  t h e  r e g i o n  
n e a r  the  t r a i l i n g  edge of t h e  upper  s u r f a c e  a t  
z = 0.471 and 0.53 span s t a t i o n s .  Here a g a i n ,  a 
v o r t e x  f low or s e p a r a t i o n  may be c a u s i n g  t h e  d i s -  
c r e p a n c i e s .  F i g u r e  18 shows t h e  c i r c u m f e r e n t i a l  
x(in) 
€or t h e  o r b i t e r  a t  x = 1120 
t h e  p r e s s u r e  a t  t h e  v e r t i c a l  
well p r e d i c t e d .  
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p r e s s u r e  d i s t r i b u t i o n  
in .  It is noted t h a t  
t a i l  and OMS pods a r e  
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Fig.  17 S h u t t l e  o r b i t e r  chordwise p r e s s u r e  
- d i s t r i b u t i o n ;  M, = 1.4, a = O.O", 
z = 0.887. 
LC13 1 5 2 2 3  
1 0  I I I I 
I 1 
500 
0 2 -  
0 4 -  
0 100 200 300 400 
zlin) 
Fig.  18 C i r c u m f e r e n t i a l  p r e s s u r e  d i s t r i b u t i o n  
for the o r b i t e r  a t  x = 1120 i n ;  N, = 
1.4, a = 0.0". 
F i g u r e  19 shows a s u p e r s o q i c  f i g h t e r  con- 
f i g u r a t i o n  with v e r t i c a l  t a i l s .  The f r e e  stream 
mach number, a n g l e  of a t t a c k  and wing sweep a n g l e  
f o r  t h e  c a l c u l a t i o n  a r e  summarized i n  Table 1. 
F i g u r e  20 p r e s e n t s  the  s u r f a c e  p r e s s u r e  a t  
v a r i o u s  a x i a l  s t a t i o n s  and t h e  c o r r e s p o n d i n g  g r i d  
d i s t r i b u t i o n  f o r  the  wing body geometry. For t h i s  
case, t h e  MSR/TSR s t a r t s  around x = 0.4 a t  t h e  
l e a d i n g  edge ,  and remains s u b s o n i c  all t h e  way t o  
t h e  end of t h e  wing. F i g u r e  21 and 22 show t h e  
c i r c u m f e r e n t i a l  p r e s s u r e  d i s t r i b u t i o n  i n  t h e  
v e r t i c a l  t a i l  and wake r e g i o n  of t h e  f i g h t e r - l i k e  
c o n f i g u r a t i o n .  The p r e s s u r e  on t h e  v e r t i c a l  t a i l  
s u r f a c e  is g i v e n  s e p a r a t e l y  a long  y - d i r e c t i o n .  
The rLsults c l e a r l y  show that t h e  p r e s e n t  wake 
t r e t m e n t  p r o v i d e s  t h e  c o r r e c t  zero  p r e s s u r e  jump 
c o n d i t i o n  a c r o s s  t h e  wake. The chordwise p r e s s u r e  
d i s t r i b u t i o n s  from t h e  c e n t e r  of t h e  body t o  t h e  
t o p  of t h e  wing a r e  g iven  i n  Fig. 23. F i g u r e  24 
p r e s e n t s  t h e  p r e s s u r e  c o n t o u r  on t h e  upper and 
lower s u r f a c e  of t h e  f i g h t e r  c o n f i g u r a t i o n .  
The l i f t  and drag  c o e f f i c i e n t s  from t h e  
p r e s e n t  c a l c u l a t i o n s  f o r  t h i s  f i g h t e r  model are 
a l s o  g i v e n  i n  Table  1. The comparison w i t h  
e x p e r i m e n t a l  d a t a  show e x c e l l e n t  agreement .  
VII. Conclus ions  -
A n o n l i n e a r  f u l l  p o t e n t i a l  method has  been 
a p p l i e d  t o  i n v e s t i g a t e  the  s u p e r s o n i c  f lows wi th  
embedded s o b s o n i c  r e g i o n s  o v e r  some very  complex 
c o n f i g u r a t i o n s .  A' c o n s e r v a t i v e  s w i t c h i n g  scheme 
is employed t o  t r a n s i t i o n  from the  s u p e r s o n i c  
marching a l g o r i t h m  t o  a s u b s o n i c  r e l a x a t i o n  pro- 
cedure .  The p r e s e n t  p r e d i c t t o n s  are i n  v e r y  good 
agreement  wi th  experiment  d a t a .  
tlork i s  now p r o g r e s s i n g  t o  s i m u l a t e  t h e  m u l t i -  
body i n t e r a c t i o n  between t h e  s h u t t l e  o r b i t e r  and 
t h e  e x t e r n a l  tank.  The p r e s e n t  methodology w i l l  
a l s o  be ex tended  t o  t reat  a l l  mach number f lows 
( f u l l y  s u b s o n i c  flow as well as s u b s o n i c  f l o w  w i t h  
pockets  of s u p e r s o n i c  r e g i o n  ( t r a n s o n i c  c a s e ) ) .  
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F i g .  23 Chordwise pressure distribution for a fighter-like configuration. 
Fl- 1.6, a = 4 . 4 6 .  
F i g .  24 Pressure contour on the upper and lower surface of the fighter-like configuration. 
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A numerical method based on the conservation form of the f u l l  poten- 
t i a l  equation has been appl  ied to  three-dimensional supersonic f l  ows w i t h  em- 
bedded subsonic regions. The governing equation i s  cast i n  a nonorthogonal 
coordinate system, and the theory of character is t ics  i s  used t o  accurately 
monitor the .type-dependent flow field.  A conservative switching scheme i s  
employed t o  transition frun the supersonic marching procedure t o  a subsonic 
re1 axation a1 gori  t h m  and vice versa . 
handle arbitrary geometries w i t h  fuselage, wing, vertical t a i l  and wake com- 
ponents a t  combined angl es of attack and sides1 i p .  
report include the Shuttle Orbiter f low a t  a low supersonic Mach number, f l o w  
over a real is t ic  fighter-type configuration, wake simulations for  an  arrow 
wing,  and a forebody i n  sideslip. 
shown t o  be i n  good agreement f o r  various cases. 
The new1 y devel oped computer program can 
Exampl e results i n  t h i  s 
Comparisons w i t h  experimental d a t a  a r e  
INTRODUCTION 
Nonlinear aerodynamic prediction methods based on the f u l l  p o t e n t i a l  
equation are used regularly for treating transonic’,‘ and s u p e r ~ o n i c ~ - ~  f l o w s  
over rea l i s t ic  wing-body configurations. The transonic are  de- 
signed t o  treat  predominantly subsonic f l  ows w i t h  pockets o f  supersonic r e -  
gions bounded by sonic l ines  and shocks. The supersonic  method^^'^ are based 
on a marching concept, and require the flow t o  remain supersonic i n  a given 
marching d i  recti on. Once the marchi ng d i  recti on vel oci t y  becomes subsoni c , 
the domain of dependence changes and a pure marching scheme3” w i l l  violate 
the rules o f  characterist ics s i g n a l  propagation . 
i n g  velocity becoming subsonic i n  a supersonic flow is great,  especially for 
low supersonic freestream Mach number flows (M, = 1.3 - 1.7) over moderately 
swept fighter-like configurations (sweep angle A 45 - 50’) and over forebody 
shapes .having a si teabl e fusel age-canopy junction region. The methodol ogy o f  

































Refs. 6 and 7 i s  an extension t o  the marching scheme of Ref. 5 and i s  designed 
t o  t r e a t  embedded subsonic regions i n  a supersonic f low. In order t o  properly 
produce the necessary art1 f ic i  a1 vi scosi t y  through density bi asi ng , Ref . 6 de- 
fines tw  s i tua t ions :  l )  the total velocity, q, i s  supersonic, b u t  the march- 
i n g  di  recti.on component i s  subsonic (defined as Marching Subsonic Region 
( M R S ) ) ,  and 
Regi on (TSR) . 2) the t o t a l  velocity, q, i s  subaonic (termed as  Total  Subsonic 
The method of Refs. 4-7 is  based on the characterist ic theory of s i g -  
nal ppopagat i  on and uses a general i zed, nonorthogonal , curvi 1 i near coordi n a t e  
system. I t  has no restrictions ( l i m i t a t i o n s  of the f u l l  po ten t i a l  theory 
ho ld )  on i t s  applicability t o  complex geometries and in t r ica te  shocked f low 
f ie lds .  
n i  ques t o  generate the body-fi t t e d  system. 
I t  i s  a conservative formulat ion and uses numerical mapping tech- 
This report presents a brief description of the overall rnethodol - 
0gy4” along w i t h  some user in fo rma t ion  on code organization, i n p u t  and o u t p u t  
data ,  and sample results. A typical calculation over a complete configuration 
(wing-body-vertical t a i l  -wake) requires f i f teen minutes of CPU time on the 
Cyber 176 machine or three minutes on the Cray-1. 
B A S I C  FORMULATION 
The steady, conservative f u l l  . potenti a1 equation cast i n  an arbitrary 
coordinate systm defined by t: = c ( x , y , z ) ,  TI = n ( x , y , z )  and F = ? ( x , y , z )  can 
be written as 
where the density p i s  given by 
I 
I 
and M, i s  the free stream Mach number, a i s  the local speed of sound and U , V , W  
are the Contravariant velocity components. Introducing the f o l l o w i n g  n o t a t i o n  
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f o r  convenience 
the contravariant velocity can be expressed as 
i = 1,2,3 
3 -- a x i  ax  j i = 1,2,3 (transforma- 
a i j  zl axk axk j = 1,2,3 t i o n  metrics) 
The Jacobian' o f  the transformation J i s  represented by 
( 4 )  
The nature o f  Eq. (1) can be analyzed by studying the  eigenvalue sys- 
tem o f  Eq. (1) combined w i t h  the i r rotat ional i ty  condition i n  the ( c , n )  a n d  
(c,F,) planes. 
Therefore, on ly  the final results are presented here. 
A detailed discussion on th i s  can be found i n  Reference 6. 
A t  a grid point, the marching direction 5 i s  hyperbolic and the t o t a l  
U2 velocity q is  supersonic, ( a l l  - -1 < 0, q > a. This point w i l l  us2 









































2. A t  a g r i d  po in t ,  the marching d i r e c t i o n  c i s  e l l i p t i c ,  (all - -) u2 > 0, 
2 
but  the t o t a l  v e l o c i t y  q i s  supersonic, q > a. 
t r e a t e d  by a t ranson ic  operator w i t h  a b u i l t - i n  dens i t y  b ias ing  based 
a2 on the  magnitude o f  (1 - --'I. 
q2 
This p o i n t  w i l f  be 
3. A t  a g r i d  po in t ,  the  d i r e c t i o n  t i s  e l l i p t i c  and the  t o t a l  v e l o c i t y  q 
i s  subsonic, q < a. This p o i n t  w i l l  be t r e a t e d  by a subsonic c e n t r a l  
d i  f ferenced operator.  
METHOD OF SOLUTION 
Figure 1 shows the schematic o f  a fusel age-canopy forebody geometry 
w i t h  an embedded MSR and TSR present i n  a supersonic flow. To s o l v e  t h i s  
U2 problem, the marching scheme of Reference 5 i s  used when fall - -\ i s  nega- 
U2 2 
t i v e ,  and a r e l a x a t i o n  scheme i s  used when fal, - -1 i s  p o s i t i v 8 .  
march f r u n  the nose up t o  the  p1an.e denoted by ( A - t f  i n  Fig. 1, using the  
method o f  Reference 5 .  Then, between ( A - B )  and ( C - D ) ,  which embed the sub- 
sonic bubble (MSR and TSR), use a r e l a x a t i o n  scheme and i t e r a t e  u n t i l  the  sub- 
sonic bubble i s  f u l l y  captured. Then, resume the marching scheme from the 
plane (C-0) , downstream of the body, 
F i r s t ,  
Treatment of 8/aC ( P  U/J) Term 
A t  a g r i d  p o i n t  ( i  + 1, j , k ) ,  the d e r i v a t i v e  i n  the  marching d i r e c -  
... 





c a r e f e r s  t o  backward d i f f e renc ing  
-b a refers to forward differencing 
= 0 i f  (a1, - - u 2 > o  . 
a 2  
The f i r s t  term i n  Eq. ( 5 )  corresponds t o  the supersonic marching 
operator and the secmd term i s  the subsonic operator. By u s i n g  a 1 oca1 1 i n -  
earization procedure, Eq. ( 5 )  can be expressed i n  terms of 6 o n l y .  Details of  
the procedure are given i n  Refs. 4 and 5 .  
Treatment of a / a T  ( p  V/J) Term 




When Q ~ + ~  = 1, t h a t  i s ,  the p o i n t  i s  supersonic w i t h  respect t o  Z , 
only the f i r s t  tern i n  Eq. ( 6 )  i s  used and the biased density 0 i s  defined by 
( for  V > 0) 
( 7 )  
a 2  where 7 = max(0, 1 - 7) . 
In Eq. ( 7 ) ,  the evaluation of p* depends on whether the f l o w  i s  coni - 
cal or  nonconical. For conical flows, a l l  p* quantities are evaluated a t  t h e  
i th pl ane . 
p* i s  set t o  be the value a t  the i t h  plane and then subsequently iterated t o  
convergence by setting p* t o  the previous iterated Val ue of 0 a t  the current 
i + l  plane. 




















When the po in t  i s  e l l i p t i c  i n  the  marching d i r e c t i o n ,  the dens i t y  
b i a s i n g  i s  def ined by . 
a2 where t = max(0, 1 - -1. As before,  the  supersc r ip t  n+ l  denotes the cu r ren t  
r e l a x a t i o n  cyc le  for  8 subsonic bubble ca l cu la t i on .  
the  d e f i n i t i o n  of The dens i ty  b i a s i n g  i n  the  cross- f low d i r e c t i o n  n 
i s  turned o f f  when the  t o t a l  v e l o c i t y ,  q, i s  l e s s  than t h e  speed o f  sound a. 
The i m p l i c i t  t reatment  of V i n  the marching subsonic operator  of  Eq. ( 6 )  i s  
t he  same as t h a t  of t h e  supersonic p a r t ,  exp la ined i n  Reference 5 .  
2 
and t. 
Note the  d i f fe rence i n  
W A s i m i l a r  procedure i s  implemented f o r  ( p  J ) ~  term i n  Eq. (1). 
Imp1 i c i t  Fac to r i za t i on  Algor i thm 
Combining the  var ious  terms o f  Eq. (1) as represented by Eqs. ( 5 ) - ( 8 )  
W toge ther  w i t h  the terms a r i s i n g  from f p  w i l l  r e s u l t  i n  a f u l l y  i m p l i c i t  
model . This  i s  solved us ing  an approximate f a c t o r i z a t i o n  imp1 i c i t  scheme. 
A f t e r  some rearrangement o f  the terms, the  factored i m p l i c i t  scheme becomes 
a 
The dens i t y  appearing i n  Eq. (9) can be e i t h e r  or depending on the  sign 
of  [a,, - -\ as i l l u s t r a t e d  i n  Eq. ( 6 ) .  U2 
a2 
Equation (9 )  has t he  form L,Ln(Ad) = R and i t  i s  implemented as 
f o l  1 ows : 
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LE(&)* = R ,  L ( A @ )  = ( A @ ) *  9 'i+1 = 6i + Ab . 
rl 
INITIAL CONDITIONS 
For a pure supersonic flow, i n i t i a l  conditions are required a t  the 
For a sharp nosed configuration, conical solutions are 
s t a r t i n g  plane. Usual ly ,  the start ing plane i s  set close to the nose region 
of the configuration. 
prescribed, and for a b l u n t  nose, the axisymnetric unsteady f u l l  potential 
solver of Reference 8 i s  used t o  obtain flow f ie ld  i n  the transonic forebody 
region. 
In the embedded subsonic region, when Eq. ( 5 )  i s  appl  ied a t  an i + l  
grid p o i n t ,  information on the f l u x  pU a t  i + 2  i s  required. For the f i r s t  re- 
laxation pass, sonic conditions are assumed a t  i+2 .  
= p * = f - + - M \  2 v-1 2 l / y - l  
P i  +2  y + l  Y+l - 
where 
-1 2 1 / 2  
q* = CPfY /M-I 
fhe sonic values p* and q* are purely a function of the free-stream 
Mach number k. For the second relaxation cycle and onwards, the conditions 
from the previous relaxation cycle i s  used. 
BOUNDARY CONDITIONS 
I n  order t o  solve the full  potential equation, i t  i s  essential t o  









































1. Body Surface 
A t  a so l id  boundary, the contravariant velocity V i s  set  t o  zero. 
Exact implementation of V = 0 i n  the implicit  treatment o f  Eq. ( 9 )  i s  des- 
cribed i n  Reference 4. 
2. Outer Boundary 
The outer boundary is set  away from the bow shock and the free-strean 
vel oci t y  potenti a1 4- i s  imposed along that boundary. 
the f low field are captured. 
on the characterist ic theory, allows for sharp capturing of shocks i n  the 
f l  ow. 
A1 1 d i  sconti n u i  t i  es i n 
The precise density biasing act ivator ,  V ,  based 
3.  Symnetri c Boundary Conditions 
For yaw angle B = 0, only the ha1 f pl ane probl em needs t o  be sol ved 
w i t h  the plane of symmetry boundary conditions imposed a l o n g  K = 2 and  (KMAX - 
I ) ,  as shown i n  Fig. 2a. Imposing t h a t  the f l o w  conditions along K = 1 are t o  
be the same as the ones a l o n g  K = 3,  the L, operator results i n  a tridiagonal 
system that can be easily solved. 
4. Combined Yaw and Angle of Attack 
Even for a symnetric configuration, when yaw a n g l e  i s  present the en- 
t i r e  cross-flow plane needs t o  be solved as shown i n  F ig .  2b.  
the flow conditions along K = 1 a re  set  t o  be the same as the ones a l o n g  K = 
(KMAX - 2) .  
cial  routine has been developed t o  invert a matrix of the f o l l o w i n g  type. 
In  th i s  case 
T h i s  destroys the t r i d i a g o n a l  nature of the LE operator. A spe- 
x x  x o  
x x x  0 0  
x x x  0 
L =  F. 
0 0  x x x  
o x  x x  
65 
In the current formulation, positive angle of attack a represents a 
When both angle of attack and yaw 
positive Cartesian velocity v i n  the free-stream and similarly positive yaw F! 
produces a positive w i n  the free-stream. 
are present, f i rs t  the free-stream i s  turned by an angle g and t h e n  by a.  
The normalized free stream velocity potential is given by 
4 = x cosa COSR + y sina + z cosa s ing 
a, 
The l i f t  and drag forces are represented by 
D = F toss cosa + F sina + Fz cosa sine 
X Y 
, L = -F sina cosg + F coscc ( 1 3 )  
X Y 
5 .  Swept Trai 1 i ng Edqe Wake Treatment 
Figure 3 shows a schematic of a swept t r a i l i n g  edge rrake system. I n  
order t o  t rea t  t h e  region behind the t r a i l i n g  edge, an a r t i f i c i a l  cut i s  cre- 
ated and the pressure j u m p  [p] across th i s  cut i s  imposed t o  be zero as a 
boundary condition. This i s  achieved by m a i n t a i n i n g  the j u m p  i n  the velocity 
potential I$ along a'  k = constant l ine (see F i g .  3) for j = 2 t o  be the same as 
the value [a] a t  the t r a i l i n g  edge. The f u l l  potential equation i s  n o t  solved 
a t  g r i d  points on the wake cut. 
0 across the wake cut. 
[ b c ]  = 0. 
[p] = 0 approximately. 
Instead, bqq = 0 i s  solved t o  provide [ b n ]  = 
Main ta in ing  [d]  constant a l o n g  a k l ine  provides 
The combination of [ $ c ]  = 0 and [dl] = 0 across the cut s a t i s f i e s  
6. Geometry and Gr id  System 
I The geometry of a configuration i s  prescribed a t  discrete points i n  a 
crossplane (usua l ly  x = constant plane) a t  various a x i a l  locations. These 
geometry i n p u t  points are usua l ly  obtained from a geometry package such as t h e  
a t  each patch a key-point system i s  established as shown i n  F i g .  4. The georn- 
I 








































e t  ry a t  a marching plane i s  then obtained by j o i n i n g  the  appropr ia te  key-poi n t  
f o r  ,ach patch, as shown i n  F ig .  5. Using a cubic  s p l i n -  passing through t h e  
key po in ts ,  a des i red g r i d  po in t  d i s t r i b u t i o n  ( c l u s t e r i n g )  i s  set  up on the  
body surface. 
f l o w - f i e l d  c a l c u l a t i o n  i s  generated by us ing an e l l i p t i c  g r i d  g e n e r a t ~ r . ~  
Then, us ing  an appropr ia te,outer  boundary, the  g r i d  f o r  t h e  
I I. CODE ORGAN I Z A T I  ON 
The program i s  w r i t t e n  i n  FORTRAN language. It can be executed on 
any CDC machine (Cyber 176, CDC 7600), as we l l  as on the  Cray 1. A t  present ,  
t he  code i s  not opt imized f o r  a vector machine l i k e  the  Cray o r  Cyber 205. 
f o r  a cross-plane (n ,C)  g r i d  of 30 x 60, the  program requ i res  a storage o f  
230,000 words oc ta l .  The program consis ts  o f  a main r o u t i n e  and several  sub- 
rout ines.  A b r i e f  d e s c r i p t i o n  o f  the main program and o ther  p e r t i n e n t  subrou- 
t i n e s  a r e  given i n  t h i s  sect ion.  
Program Main 
Program Main coordinates the e n t i r e  operat ion.  A f lowcnar t  aescr ib -  
i n g  the  var ious operat ions performed by the Main program i s  given i n  F i g .  6. 
The Main program sets up the  i n i t i a l  (known) data plane and the b o d y - f i t t e d  
g r i d  system, and performs the  LS and L, operators t o  advance t h e  so lu t i on .  
The marching step s i ze  A< can e i t h e r  be prescr ibed or computed a t  each march- 
i n g  plane from a given Courant number and the maximum eigenvalue. The var ious .. 
read and w r i t e  tapes used i n  the c a l c u l a t i o n  a r e  l i s t e d  below. 
Program Main (Tape 1, Tape 2 ,  Tape 3, Tape 4 ,  Tape 5, Tape 7 ,  
Tape 8, Output, Tape 6 = Output)  
Tape 1: Output so lu t ions  fo r  p l o t .  
Tape 2: Output so lu t ions  fo r  r e s t a r t .  
Tape 4: Output so lu t ions  f o r  r e s t a r t .  
Tape 3: Read i n  s t a r t i n g  so lu t ions .  
Tape 5: Inpu t  .data.  
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Tape 6: So lu t i on  output.  
Tape 7 :  Read tape con ta in ing  so lu t i ons  f o r  subsonic region. 
Tape 8: Wr i te  tape f o r  subsonic bubble c a l c u l a t i o n .  
Subrout ine EIGEN (EIGENY, EIGENZ) 
This subrout ine computes the  maximum eigenvalue EIEGNY i n  the  ( 5 , ~ )  
plane and the  maximum eigen value EIGENZ i n  t he  ( < , E )  plane. The expression 
used f o r  ca lcu la t ing ' the  eigenvalue i s  given i n  Ref. 5. The maximum eigen- 
value in fo rmat ion  i s  then used t o  compute a marching s tep-s ize AS f o r  a spec i -  
f i ed Cou r a n t  number . 
Subroutine NFORCE (PX, PY, PM, AREA, K G )  
A t  the end o f  each marching plane c a l c u l a t i o n ,  t h i s  subrout ine com- 
putes the  a x i a l  force,  PX, v e r t i c a l  force,  PY, and the  s ide force,  PM, by 
i n t e g r a t i n g  the  pressure force a c t i n g  on an elemental area, dA. The elemental 
area, dA, i s  computed from the  t rans format ion  ma t r i ce  us ing the  formula ( a t  a 
body p o i n t  j = 2 )  
dA = {~,z,-ziyc] 2 + [ X ~ Z  <-x 5z512 + x -y 1' 11" dSd5 . 5 c  $ 5  
- 
KG = 0, conica l  o r  b l u n t  body nose force c a l c u l a t i o n  
= 1, r e s t  o f  the body force c a l c u l a t i o n .  
The program also p r i n t s  the  CL and C,, i n fo rmat ion  based on a p rescr ibed r e f e r -  
ence area, and Cw about a given reference p o i n t  (Xo, Yo). 
Subrouti'ne GEOM (N9, NRP) 
N9 = 0, geometry data a t  XI are read i n  
= 1, geometry data a t  X 1  are updated 
NRP = 0, X-plane geometry c a l c u l a t i o n  








































Subroutine GEOM sets up the body grid points from a prescribed geom- 
etry shape. As i l lust rated i n  F ig .  4 ,  the geometry i s  i n p u t  i n  different 
patches (the number o f  patches t o  be used 1s l e f t  t o  the discretion of the 
user) . Fran the i n p u t  geometry points, a key point system i s  establ i shed 
us ing  cubic spl ines. These key points are then joined from one prescribed 
geanetry station t o  the other t o  provide the geometry a t  any intermediate 
marching plane. A flowchart describing GEOM i s  given i n  F ig .  7 .  
Subroutine Grid 
Once the body points are obtained a t  a marching plane from GEOM, sub- 
routine GRID sets. up the ent i re  crossflow plane grid using an  e l l i p t i c  grid 
solver that s a t i s f i e s  certain g r i d  constraints. Figure 8 gives the flowchart 
for  GRID. 
Subroutine Metric 
T h i s  subroutine computes a1 1 the necessary transformati on rnetrics and 
Jacobians a t  various node and h a l f  node locations as required by the s o l u t i o n  
a1 gori t h m  (LE and L,, operators) 
Subroutine UVW 
This subroutine computes a l l  the contravariant velocities U, V and SJ, 
and the density p .  
Subroutine RHOBIAS 
T h i s  Subroutine performs the density biasing i n  the ( 7 , ~ )  p l a n e  based 
on a characterist ic theory. This operation is essential t o  t rea t  crossflow 
supersonic regions and t o  capture shock waves. 
111. INPUT DATA 
I n p u t  d a t a  includes specifications of f l o w  parameters, grid param- 




axial stations. A sample i n u t  i s  presented here. 
Input cards 1 t h r o u g h  45 are self-explained. The rest of the i n p u t  
cards are explained bel ow. 
Format Symbol Descri pti on 
Card 46 




Col . 1-50 
Card 49 
Col 1-15 












I 5  
ZTAPT( 10) 
ISC 







COI . 1 - i 5  F15.6 Y 
Col. 16-30 F15.6 z 
Location of detail f l o w  field 
printout 
Number o f  pa tch  (geometry) 
Number o f  o u t p u t  p o i n t s  i n  
each pa tch  
x location a t  w h i c h  the geometry 
cross-section i s  given. 
Number o f  i n p u t  pa t ch  a t  t h i s  
1 ocati on 
Pa tch  number 
Number of  i n p u t  poi nts 
C1 usteri ng control parameter 
0: equal space 
1: clustering a t  the beginning 
2: clustering a t  the end o f  patch 
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The program provides an o u t p u t  of. the flowfield a f te r  every NP march- 
i n g  steps (NP i s  user specified).  A mal1 portion of the o u t p u t  i s  presented 
here. I t  provides the flow variable information (density, C 4 ,  contravar- 
i a n t  velocit ies,  U, V and W, and the g r i d  p o i n t  location x ,  y and t )  a l o n g  the  
body surface ( J  = 2) and along the planes of symmetry (K = 2 and KMAX-1) 
Besides th i s  printout for every NP marching steps, the code a l so  prints the 
Courant number and maximm eigenvalues i n  the tl and E crossflow directions,  
and the n s  change i n  density, A detailed o u t p u t  of the entire f l o w f i e l d  i n  
the crossplane (n,?) for a l l  J and K can also be obtained a t  selected marching 
plane locations prescribed by the user i n  the i n p u t  a t  card number 46 (see 
Section 111). 
P '  
The code also stores the results f o r  p l o t t i n g  purposes i n  Tape 1, and 
a separate p l o t t i n g  package i s  used t o  p l o t  contours and other forms of visual 
o u t p u t  . 
V. RESULTS 





Flow over an arrow-wing body a t  & = 2.96. a = lO.0 lo .  
F low over a forebody configuration a t  M, = 2 .5 ,  a = 5" and a t  M, 
= 1.7, a = lo" ,  f3 = 5'. 
Flow over the entire Shuttle Orbiter geometry a t  M, = 1.4,  a = 
0" . 
Flow over a rea l i s t ic  f ighter configuration a t  different angles 
of attack and free-stream Mach numbers. 
For an attached shock a t  the nose (pointed nose configurations), a 
conical solution i s  generatd and used as an i n i t i a l  d a t a  plane for the  non- 
conical marching calculation. If  the nose i s  b l u n t  and has a detached shock, 
then an unsteady f u l l  potential code' i s  used t o  generate the i n i t i a l  b l u n t  
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body solution (free-stream Fhch number less t h a n  1.5 i s  recommended). T h i s  
initial flow calculation usually takes 40 t o  60 iterations. A t  the beginning 
of each marching plane cal cul ati  on, t h e '  grid i s  generated us ing  an  el 1 i p t i  c 
grid solver. Usually, the g r i d  solver requires 30 relaxation cycles t o  pro- 
vide an acceptable g r i d  di s t r i  bution . 
Figure 9 shows the pressure distribution on the surface of an arrow- 
wing configuration a t  location x / n  = 0.8 for M, = 2.9, and a = 10'. The i m -  
provement i n  the prediction capabi 1 i t y  achieved using the wake treatment i s 
Illustrated. The dashed line represents the result from "no wake" treatment 
(assumes a f la t  plate behind the trailing edge) and the solid line represents 
the modif ica t ions  t o  the pressure distribution once a zero j u m p  i n  pressure 
across the mke cut i s  imposed. The solid line pressures on the body agree 
very well w i t h  experiments." Wi thou t  a proper wake cut treatment, the over- 
all l i f t  and d rag  forces and the p i t c h i n g  moment can be o f f  by a considerable 
margin . 
Figure 10 presents the pressure distribution on a f u l l y  developed 
forebody'' for M, = 2.5 and yaw angle 
ential pressure di s t r i  b u t i o n  for. the same body a t  x / a  = 0.68 for M, = 1 .7 ,  a = 
10" and 13 = 5 ' .  
The results show t h a t  the present p r e d i c t i o n  i s  ;n exce l len t  agreement w i t h  
the experimental da ta .  
= 5 ' .  Figure 11 shows the circumfer- 
The experimental data ' '  are also given i n  these two figures. 
Figures 12 t o  22 give the geometry and the corresponding f l o w  f i e l d  
solutions for the Shuttle Orbiter. The side view, cross-section and grid i n  
the nose region are given i n  F ig .  12. The t o p  view, cross-section, grid and 
chordwise cross-sections are presented i n  F i g .  13. I t  should be mentioned 
here t h a t  for most o f  the previous Space Shuttle C a l C u l a t i O n S 1 2 ~ 1 3  the geom- 
etry has been modified by smoothing o u t  the canopy and increasing the wing 
sweep ang le  from 45 t o  55 degrees i n  order t o  avoid the subsonic b u b b l e .  
Since the present method i s  v a l i d  for supersonic flow w i t h  embedded subsonic 
region, the realist ic Shuttle Orbiter geometry was used w i t h o u t  a n y  
modi f ica t ion .  
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plane of symnetry. 
pressure increases rapidly fran Cp I 0.3 t o  1.0, approximately. 
region an MSR/TSR is formed and required three relaxation cycles t o  develop 
the solution. The clrcumferential surface pressure distribution a t  x = 240 
i n .  is shown i n  Fig.  15. The experimental data i s  also given. i n  these figures 
and the agreement is  very good. The surface pressure distribution a long  the 
wing leading edge i s  given i n  Fig .  16. I t  i s  seen t h a t  the present c a l c u l a -  
t i o n  agrees w i t h  the experimental d a t a  quite well a long  the entire wing l e a d -  
i n g  edge except i n  the vicinity of the wing-fuselage junction, where a vortex 
flow may exist. 
A t  x 1 170 in. which i s  the beginning of the canopy, the 
In the canopy 
Figure 17 t o  Figure 21 present the Orbiter chordwise pressure dis t r i -  
bution on the upper and lower wing surface a t  7 = z/bw = 0.471, 0.530, 0.641, 
0.780 and 0.887, respectively where bw i s  a semispan defined i n  F i g .  12. The 
results show t h a t  the present predictions are i n  very good agreement w i t h  the 
experimental data, except i n  the region near the trailing edge of the upper 
surface a t  7 = 0.471 and 0.53 span stations. 
separation may be causing the di screpanci es. Fi  gure 22 shows the ci rcumferen- 
t i a l  pressure distribution for the Orbiter a t  x = 1129 i n .  I t  i s  noted t h a t  
the pressure a t  the vertical t a i l  and OMS pods are we l l  predicted. 
Here again, a vortex f l o w  or 
Figure 23 shows a supersonic fighter configuration w i t h  vertical 
ta i ls .  The free-stream Mach number, a n g l e  of attack and wing sweep angle f o r  
the calculation are summarized i n  Table 1. 
the corresponding g r i d  distribution for the wing body geometry. 
case, the MSR/TSR starts around x = 0.4 a t  the leading edge, and remains sub-  
sonic all the way t o  the end of the wing. Figure 25 and 26 show the circum- 
ferential pressure distribution i n  the vertical t a i l  and wake region of the 
fighter-11 ke configuration. The pressure on the vertical t a i l  surface is  
given separately along the y-direction. 
present wake tretment provides the correct zero pressure j u m p  c o n d i t i o n  across 
the mke. The chordwise pressure distributions f rom the center of tne body t o  
the t i p  of the wing are g i v e n  in F ig .  27. Figure 28 presents the pressure 
contour on the upper and lower surface of the fighter configuration. 
Figure 24 presents the surface pressure a t  various a x i a l  stations and 
For this 
The results clearly show t h a t  the 
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The l i f t  and d rag  coefficients from the present calculations for this 
f ighter model are also given i n  Table  1. The comparison w i t h  experimental 
data show excel 1 en t  agreement , 
V I ,  CONCLUSIONS 
A nonlinear full  potential method has been developed t o  analyze 
supersonic flows with embedded subsonic regions over some very complex con- 
f i g u r a t i o n s ,  A conservative switching scheme i s  employed t o  transit ion from 
the supersonic marching algorithm t o  a subsonic relaxation procedure. The 
predictions are i n  very good agreement w i t h  experiment da ta .  
Work i s  now progressing t o  simulate the multibody interaction between 
the Shuttle Orbiter and the external t a n k ,  and canard-wi ng f ighter geometri es. 
The present methodology will a l s o  be extended t o  t rea t  a l l  Mach number flows 
( fu l ly  subsonic flow, as well as subsonic flow with pockets of supersonic 
region (transonic case)).  
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F ig .  26 C i r cumfe ren t ia l  p ressure  
d i s t r i b u t i o n  i n  the v e r t i -  
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.F ig .  27 Chordwise pressure d i s t r i b u t i o n  f o r  a f i g h t e r - l i k e  conf igura t ion .  Me - 
1.6, a = 
- 
4.46. 
Ffg. 28 Pressure contour on the upper and lower sur face of the fighter-like 
conf igura t ion .  M, = 1.6, a = 4.46'. 
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ABSTRACT 
D e s c r i p t i o n  o f  i n p u t / o u t p u t  d a t a  and o p e r a t i n g  
i n s t r u c t i o n s  a r e  p r e s e n t e d  f o r  a r e c e n t l y  developed 
supe;sonic f u l l  p o t e n t i a l  a n a l y s i s  program. S o l u t i o n  
p r e  and p o s t  p r o c e s s o r s  a r e  a l s o  d i s c u s s e d  f o r  
completeness .  The l a t t e r  i n c l u d e s  a t h r e e  dimensional  
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INTRODUCTION 
1-3 The supersonic  f u l l  p0tentia. l  a n a l y s i s  method, 4 
i n  conjuc t ion  with t h r e e  dimensional boundary l a y e r  a n a l y s i s  
i s  c u r r e n t l y  being used t o  d e r i v e  non l inea r  supe r son ic  c r u i s e  
and maneuver designs t o  support  aerodynamic advance conf igura-  
t i o n  s t u d i e s .  
methodology r e l a t i v e  t o  l i n e a r  s o l u t i o n s  i s  t h e  a b i l i t y  t o  
shock capture .  The a n a l y s i s  consequent ly  provides  t h e  means 
t o  achieve necessary  cond i t ions  of  shock weakening and 
s e p a r a t i o n  e l imina t ion  /management through a p p r o p r i a t e  r e -  
des ign .  In t h i s  regard ,  i t  provides  a c a p a b i l i t y  s i m i l a r  t o  
r e l a x a t i o n  s o l v e r s  t h a t  a r e  r o u t i n e l y  used t o  develop 
e f f i c i e n t  t r a n s o n i c  f l o w s .  
a b i l i t y  t o  a c c u r a t e l y  a s ses s  t h e  impact o f  sweep, t h i c k n e s s ,  
and l i f t  fo r  a range o f  des ign  space f o r  which l i n e a r  theory  
i s  uns a t  i s  f ac to ry  . 
The fundamental advance of f u l l  p o t e n t i a l  





















DISCUSS I O N  
The s u p e r s o n i c  f u l l  p o t e n t i a l  (SFP) a n a l y s i s  code  o f  
S h a n k a r l - 3  i s  a p p l i c a b l e  t o  a r b i t r a r y  w i n g - b o d y - n a c e l l e - t a i l  
a r r a n g e m e n t s  from modera t e  s u p e r s o n i c  Mach number t o  v a l u e s  o f  
t h e  h y p e r s o n i c  s i m i l a r i t y  parameter M 6 % 0 ( 1 ) .  The lower  code 
l i m i t  i s  gove rned  by t h e  e x t e n t  o f  embedded s u b s o n i c  f l o w  
w h i l e  t h e  uppe r  l i m i t  r e s u l t s  from a breakdown i n  t h e  i s e n t r o p i c  
a s s u m p t i o n  f o r  s t r o n g  shock waves .  A l s o ,  s i n c e  p o t e n t i a l  
t h e o r y  i s  i r r o t i o n a l ,  t h e  model ing  o f  v o r t i c e s  i s  n o t  t r e a t e d .  
t h e  CDC 875 and i.s s t o r e d  a s  program l i b r a r y  F P F 7 P L .  
CASE DESCRIPTION 
The c u r r e n t  v e r s i o n  o f  t h e  p i l o t  code  i s  o p e r a t i o n a l  on 
Four  t y p e s  o f  d a t a  a r e  r e q u i r e d  t o  d e f i n e  a p rob lem:  
a )  h e a d e r  d a t a  d e s c r i b i n g  mesh i n f o r m a t i o n ,  Mach number,  a n g l e  
o f  a t t a c k ,  aerodynamic  c o e f f i c i e n t  r e f e r e n c e  q u a n i t i e s ,  c e n t e r  
o f  g r a v i t y  l o c a t i o n ,  e t c . ;  b )  d e t a i l e d  g e o m e t r i c  c o o r d i n a t e s  
d e f i n i n g  c o n f i g u r a t i o n  c ross  p l a n e  c o n t o u r s ; ' c )  program u p d a t e  
f i l e  d i r e c t i v e s  d e f i n i n g  code m o d i f i c a t i o n s ,  wake d a t a ,  e t c .  ; 
and d )  j o b  c o n t r o l  d i r e c t i v e s  d e f i n i n g  program and i n p u t / o u t p u t  
f i l e  a l l o c a t i o n s .  
GEOMETRY DATA 
A c o n f i g u r a t i o c  i s  d e f i n e d  by  s e v e r a l  r e g i o n s *  o f  c r o s s p l a n e  
s e c t i o n s  a s  i n d i c a t e d  i n  f i g u r e  1. The number o f  p a t c h e s  
( segmen t s )  d e f i n i n g  a s e c t i o n  i s  c o n s t a n t  f o r  a g i v e n  r e g i o n  and 
t y p i c a l l y  i n c r e a s e s  f r o m  one r e g i o n  t o  t h e  n e x t .  
Fo r  t h e  w i n g - b o d y - v e r t i c a l  c a s e  unde r  d i s c u s s i o n ,  a t h r e e  
( 3 )  p a t c h  i n i t i a l  r e g i o n ,  a s i x  ( 6 )  p a t c h  c e n t e r  r e g i o n ,  and 
and  e i g h t  (8)  p a t c h  f i n a l  r e g i o n  a s  i n d i c a t e d  on f i g u r e  2 .  Zero 
l e n g t h  p a t c h e s  a r e  - n o t  p e r m i s s a b l e .  S i n c e  t h e  . a n a l y s i s  i s  
marching  i n  n a t u r e ,  a comple te  geometry  d a t a  s e t  i s  n o t  r e q u i r e d  
t o  b e g i n  and p a r t i a l l y  p r o c e s s  a p rob lem.  A p p r o p r i a t e  u s e  o f  
r e s ' t a r t  s o l u t i o n s  a l l o w s  c o n t i n u a t i o n  o f  t h e  a n a l y s i s  a s  new 
o r  m n d i f i e d  geometry  becomes a v a i l a b l e .  
*The o v e r l a p  must be s u f f i c i e n t  t o  encompass a t  l e a s t  t h e  f i n a l  
t h r e e  ( 3 )  march ing  d a t a  p l a n e s  o f  t h e  p r i o r  r e g i o n .  
-& 
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The format  f o r  a t y p i c a l  s t a t i o n  i s  shown below. The 
group of  ca rds  i s  
The l a s t  p o i n t  o f  
a s t a t i o n )  should  
p o i n t  o f  t h e  n e x t  
r e p e a t k d  f o r  each  s t a t i o n  o f  a r e g i o n .  
each p a t c h  (exc.ept f o r  t h e  l a s t  p a t c h  o f  
have t h e  same c o o r d i n a t e s  a s  t h e  f i r s t  
p a t c h .  
Card# Format F i e l d  Name D e s c r i p t i o n  
A 1  F 1 5 . 6 , I S  1 X 1  The x v a l u e  ( l o n g i t u d i n a l )  o f  
t h i s  s t a t i o n .  
s e c t i o n .  1< ISCl  < 1 5  
2 ISCl The number o f  p a t c h e s  f o r  t h i s  
The group o f  c a r d s  A 2  t h r u  A3 a r e  r e p e a t e d  ISCl  t imes.  
A 2  315 1 ITH Pa tch  number < 1 5  
2 I P T l  Number o f  p o i n t s  i n  t h i s  p a t c h .  
3 ND Mesh s p a c i n g  paramete;. T y p i c a l l y  
2 < IPTl < 30 
t h e  same f o r  a l l  s t a t i o n s  o f  a 
r e g i o n  
The A3 c a r d  i s  repe .a ted  I P T l  t imes.  
A3 2 F 1 5 . 6  1 Y1 V e r t i c a l  l o c a t i o n  o f  p o i n t  
( p o s i t i v e  upwards ) .  P o i n t s  
s t a r t  a t  t o p  c e n t e r l i n e .  
2 z1 Spanwise l o c a t i o n  o f  p o i n t .  
Cubic s p l i n e  i n t e r p o l a t i o n  i s  performed on i n p u t  p a t c h  
d a t a  t o  d e r i v e  t h e  boundary a t  t h e  mesh D o i n t s .  L i n e a r  i n t e r -  
p o l a t i o n  i s  performed t o  d e f i n e  t h e  bounhary a t  a marching p l a n e  
between i n p u t  s t a t i o n s .  
p r e s e n t e d  on  Tab1.e I and was developed  u s i n g  CDSS. 
Sample geometry d a t a  f o r  t h e  problem o f  f i g u r e  1 i s  
*FOR SEGMENT AB 
0 Equal space  
1 Bunch near  X 
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T A E L E  I C o n t i n u e d  
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T.ABLE I C o n c l u d e d  




The p r e s e n t  problem r e q u i r e s  a minimum o f  f o u r  ( 4 )  
marching s o l u t i o n s  t o  comple te  t h e  a n a l y s i s  of  t h e  t h r e e  
r e g i o n  sample geometry o f  f i g u r e  1 - one each  f o r  r e g i o n  
one and two and two s o l u t i o n s  f o r  r e g i o n  t h r e e .  The l a t t e r  
i s  a consequence o f  i n c r e a s i n g  t h e  number o f  mesh p o i n t s  
on t h e  v e r t i c a l  t a i l  a s  i t s  l o c a l  s p a n  i n c r e a s e d  w i t h  marching 
d i s t a n c e .  I t  a l s o  i l l u s t r a t e s  t h e  wake r e s t a r t  p r o c e d u r e .  
f o r  d e s c r i b i n g  g r i d  p a r a m e t e r s ,  wake i n f o r m a t i o n  i f  p e r t i n e n t ,  
r e s t a r t  d i r e c t i o n s ,  and number o f  mesh p o i n t s  f o r  each  p a t c h  
o f  t h e  r eg ion .  This i n f o r m a t i o n  precedes t h e  g e o m e t r i c  d a t a  
d i s c u s s e d  i n  t h e  p r e v i o u s  s e c t i o n .  The h e a d e r  d a t a  used  f o r  
t h e  sample problem and a d e s c r i p t i o n  o f  t h e  v a r i o u s  p a r a m e t e r s  
i s  p r e s e n t e d  on T a b l e  11. 
The l a s t  h e a d e r  d a t a  s e t  i s  c o o r d i n a t e d  w i t h  t h e  wake 
upda te  f i l e  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n .  
nomenclature  i s  d e p i c t e d  below. 
Each s o l u t i o n  h a s  a d i f f e r e n t  s e t  o f  h e a d e r  i n s t r u c t i o n s  
The p e r t i n e n t  
KWAK" * RESTART 
1 S t a n d a r d  (geometry)  
2 .  Wake 
"\, w\rKsTl** 8 
NOTE: Reindex K o f  VORT (K) t o  a l low f o r  i n c r e a s e  o f  
p o i n t s  f o r  p a t c h e s  4 and 5 
* TAPE 5 
* *  Update f i l e  
100 
1- a m- 6 
218: 1 


















5 8 s I F  
Sl0= T 
TABLE I 1  HEADER DXTA 
* 
No. OF A X I L  5T€P 
w3. OF P l 3  IN "?& D 1 R . m  
NO, OF PI'S I N  CIRCUl DIR:ISCt+ISC2-t+ISI3+1~1 
M. GRID REGI-7: ='a-2, WBV-3, k W - 5  
OUTPUT FOR EVmY W STEPS 
WAKE START K. 
NO. OF GRID ITERFITICNS. 
NU. OF ZTA FQR ROY FIELD OUTPUT. 
NO. OF QfX ITERATICN. 
C h  rum3 
I f X  FIXED STEP SIZE. IFCa CFL NO. w. AX1& STEP SIZE 
HIM. A X I A L  STEP SIZE 
FREE STFZEAI? t" M. 
PlNGLE ac ATTACX-OEG. 
CUTER 0 c m c 4 w * G .  
STEP SIZE IN ETA DIR.  
STEP SIZE IN XI DIR. 
FIRST STEP A;;TER C C N  START, S U .  
STARTING ZTA >3d)ZTAIN. 
p1D Z T W  WW ZA-OZTAIN. 
1:FIRST OwjER.2:B CREU. 
&FIRST CROER, 1 :2Fo CRm. 
YElKE M I N f W J l  ZTA. 
WAKE flINIM 
GEGtETRY SC& FACTCR 
AXIAL -TRY SHIFT FCR ZTM. 
r n f I C A L  GEQETXl SdIR 
AXICY. C.6. ZTA. 
VERTICAL C.G. 
&F€!ZxE 9E.4. 
R f F E E ? a  m. 
ELAXAT104  FXTQ?. 
l=LW€cF m . 7  
GRID? 
INPUT E m Y ?  
R-lMCHINo7 
ESTMT DATA Ff%B TAPE? 
WRITE RESTART DATA CN UNIT 2 b 43 
WRITE SiSSlXIC E S T M T  OATA CN 0 4 f T  87 
CALURATE FwcESz 
GRID KGION T E R n I W  K,SI5; ISCl +ISC2-? +. . +ISCH 
=CON) WFZP EM€ K. 
WAKE END K. 
NO. CGNE STARTTNG SI#. STEPS. 
' 
88.0 ae.e PGU& AE;ELE-oELi:5F18.4 
ts8. 303- 35a. F t W F I E L D W F U T T T c )  No. GEm. S E m s  
W. ME% PTS/SEB€NT 
rws 
a )  Region  1 
1 0 1  
TABLE I1 C O N T I N U E D  
b) R e g i o n  2 
102 
OWEGrlNAL PAGE IS 




2&Br 68. - 8.1 
310= 1.5 

































S 8 8 = T  
516= T 
TABLE I 1  C O N T I N U E D  
ORIGINAL PAGE IS 
OF POOR QUALITY 
15 
Ft0.S 
+ I  
5 
=+I (81 
c )  ReZion 3 ,  S o l u t i o n  1 




4- 1 . 7 5  
4- T 
4m T m= t 
4- F s B & r  
510= T 











TABLE I1 COMPLETED 
d)  R e g i o n  3 ,  S o l u t i o n  2 
104 
UPDATE F I L E  DATA 
The purpose  of  t h i s  d a t a  i s  t o  d e f i n e  s p e c i a l i z e d  
in fo rma t , ion  l o g i c  which has  no t  been i n c o r p o r a t e d  i n t o  t h e  
p i l o t  code. I t  i s  a n t i c i p a t e d  t h a t  t h i s  t y p e  o f  i n p u t  w i l l  
be p r o g r e s s i v e l y  e l i m i n a t e d  a s  a p r o d u c t i o n  s t a t u s  e v o l v e s .  
Two bas  
One f o r  a s t  
wake r e s t a r t  
l e a d i n g  edge 
wake r e s t a r t  
i s  o u t p u t  by 
s o l u t i o n .  
i c  upda te  f i l e s  ( s e e  t a b l e  111) 
anda rd  ( i . e .  geometry) r e s t a r t  . The former d e f i n e s  c e r t a i n  p 
mesh, n a c e l l e  d i r e c t i v e s ,  e t c .  
f i l e  d e s c r i b e s  t h e  v o r t i c i t y  d 
t h e  p r i o r  ( f o r  t h e  p r e s e n t  c a s  
a r e  t y p i c a l l y  used .  
and a second f o r  a 
o t e n t i a l  a v e r a g i n g ,  
I n  a d d i t i o n ,  t h e  
, i s t r i b u t i o n  which 
e t h e  t h i r d )  
. The upda te  f i l e s  a l s o  c o n t a i n  m o d i f i c a t i o n s  t o  t h e  p i l o t  
code which have n o t  been i n c o r p o r a t e d  pe rmanen t ly .  
d i r e c t i v e s  do n o t  need t o  be changed (bu t  must be i n c l u d e d )  
f o r  a new problem. 
These 
105 
TABLE I11 UPDATE FILE DIRECTIVES 
INVny4. i 75. IYVSET*. I76 
4vER- PHI 47 WAX Z 
*(PHI( l,Z,KTEEP+l :+PHI( 1 , 2 . K T W m - I  I I l 2 .8  
IFIZTAI .LT. 371 0 ) PHI(I,2,KTErP)= 
N F X E .  151 
18 F-T ( Z X ,  'PITCH MPcaJl=',E12.4.3X. 'Cn~'.E12.4, 
2*0=+0 INPUT. 27 
2sa= Do le w = t , s 0  
250=*0 nETRIC.Sl K € T ? I C . Y  
27g=c CONST.F~.ZTAI w BE CME AT VERY THIN.SMW 
2W=C LEADING EDGE USING S T R I C  56-78 
a )  Region 1 
188=*0 MORCE.151 
I-= le FORMT CZX, 'PfTCH MOPENT=',E12.4.3X. 'W=',ElZ.4, 
GEM. 175 
220= 
230=*0 GEon. 1 8 6  
240=C 
KAY NO. cs mmis IN WING L.E. REGION 
DS=SSS/( NpT( IS jr3.S ) 
IFCREASE NO. (3F YYI POINTS fN UfNG L.E. 'REGfCN 
r A l  SiYXLD BE C M E  AT V E R Y  T H I N . W P  
3 8 8 4  LEADiNG EDGE USIM 6 T R I C  56-79 
3 1 0=8€oF 
b )  Region 2 
1 w=c 
2m= 










c )  Region 3 ,  S o l u t i o n  1 
106 
ORIGINAL P K E  15 










i ~ = c '  . - . - -_ -  
TAPES: OJTFUT pREssL[RE DISTRIBUTIONS AT SPECIFIED 
130=*0 tSIN.55,MEIXN.72 
1 AGkc 
i S Z  RESTART DIRECTIVE:W=I -SOLTD BCUNMY, =Z-WAKE 
I=  KWEDl-WX U.S. WAKE K: KWKSTl-MIN L.S. WAKE K 
178C 
1-s 
200= K W = 2  
21 83 K'ED1=36 
D7W-1% 55 DEG Y.T. n[3ou, DESIGN:b1.6,&FM=4.48 




67- mic. 51 ,ETRiC. 52 
688.c CB(ST.Fm ZTAl SHOWD BE CHANGE AT VERY T H I N , S - i W  
6881= 
m t E a :  
LEADING EDGE USING METRIC 56-78 







+1 I =  
JOB CONTROL 
The f i n a l  t y p e  o f  i n f o r m a t i o n  r e q u i r e d  t o  p r o c e s s  a 
problem i s  program/update  and i n p u t / o u t p u t  f i l e  d e c l a r a t i o n s .  
These d i r e c t i v e s  change from s o l u t i o n  t o  s o l u t i o n  i n  o r d e r  
t o  p r o p e r l y  p r o c e s s  and s a v e  d a t a .  
The p e r t i n e n t  submit  f i l e s  f o r  t h e  CDC 8 7 5  under  N G S  
Opera t ing  System 2 . 1  a r e  p r e s e n t e d  on  t a b l e  I V  f o r  t h e  sample 
problem. The f i l e  f u n c t i o n s  a r e :  
TAPE 1: 
TAPE 2 : 
TAPE 3: 
TAPE 4 :  
TAPE 5 :  
TAPE 7 :  
TAPE 9 :  
TAPE a :  
L a s t  X P l o t -  Data  
Output  Marching P lane  R e s t a r t  Data  
Inpu t  Marching P l a n e  R e s t a r t  Data  
Output  Marching P l a n e  R e s t a r t  Data  Backup 
I n p u t  Data  
I n p u t  Subson ic  Region Da ta :  3 0  S t e p  L i m i t  
Output  Subson ic  Region Data :  3 0  S t e p  L i m i t  
Output  P r e s s u r e  D i s t r i b u t i o n  a t  S p e c i f i e d  Z 
f o r  Post p r o c e s s o r  
ORIGIa-iAL P.JSE IS 
OF POOR QUALITY TABLE I V  SAMPLE J O B  CONTROL D I R E C T I V E S  
t QB=SSSA, EC7WI T388, P3. 
12a=CHARGE, tal 1 ,  XXXX. 
I 30=4CtT( BQVNER 
1 48=Wt, EC=7W. 
1 W T T A C H ,  ~ = s F p 7 P L h p c - o 8 8 3 S .  
1 W--GET, I W 5 5 A .  
1 ;TB--upDATE, I=IW. 
193-dTTACH, TAE54755A. 
2B8=PURE0 R55A/N& 
2 1 B4EF IF& TAPE I rpLssA. 
22Q=PURGE, R55A 1 /NA . 
238-QEF [E, TFCpEt=R55Al. 
24B=PURGE, R55WW. 
250=EFINE, TAPE4=RSM. 




3 1 +*€OF 
i i a = m ,  0823, x m x .  
ST1 8422481 S t  1XXXX I 
I r , W T = ~ ,  m-1, L=U, p~=mme. 
~ = O E F I N E ,  TAPE~--PSS. 
a>’ R e g i o n  1 
- 
b )  R e g i o n  2 
10s 
X )  
ANALYSIS 
I t  is  recommended t h a t  a g e n e r a l  f i l e  nomenc la tu re  b e  
developed p r i o r  t o  t h e  a n a l y s i s  i n  o r d e r  t o  a c h i e v e  a con- 
s i s t e n t  func t ion /code /p rob lem seven  c h a r a c t e r  d e s c r i p t o r .  
The fo l lowing  i s  p rov ided  as an  example. 
FUNCTION F I L E  
F u n c t i o n  Code S o l u t i o n s  
Submit 
\ I  -
SXYYYY A ,  B ,  C ,  D ' Case 
I npu t I 
S e c t i o n a l  P l o t  x 
R e s t a r t  R 
P r i n t e d  Output  0 
P r e s s u r e  P l o t  P 
A 
s h o u l d  
check 1 
i s  
review o f  
be complet 





S o l u t i o n  1 
Region 3 
S o l u t i o n  2 
t h e  
ed b 
has  




f o  
heade r  
' r o c e s s i  






KWST, KWKED , 
XWAKE 
NAJS=l, e t c  
110 
' i n p u t ,  
ng each 
b e  u s e f u  
and u p d a t e  f i l e s  
s o l u t i o n .  -4 
1 i n  t h i s  r e g a r d  
UPDATES 
Modify a s  a p p r o p r i a t e  
KWAK= 2 ,  Reindex 
KWKED 1, KWKST 1, and 
VORT (k) 
T y p i c a l  p r o b l e m  ( o n e  Mach n u m b e r  and a n g l e  o f  a t t a c k )  run 
t i m e  on the -  CDC 8 7 5  under OPT = 2 c o m p i l a t i o n  i s  
SOLUTION ZTAl J K 9 ITER CPU-SEC SEC/STEP 
R e g i o n  1 0 - 3 7 0  1 5  33 1 7 2  1 2 1  . 7  
R e g i o n  2 3 7 0 - 4 5 5  1 5  57 34 60  1 . 7 6  
R e g i o n  3 4 5 5 - 6 1 0  1 5  6 8  62  111 1 . 7 8  
R e g i o n  4 6 1 0 - 6 8 5  1 s  74 30 79  2 . 6 5  
S o l u t i o n  1 
R e g i o n  4 685-8-02 .5  ..I5 8 0  47  1 3 3  2 . 8 2  





X p r e - p r o c e s s o r  i s  a v a i l a b l e  f o r  e v a l u a t i n g  i n p u t  geometry 
and g r i d  q u a l i t y .  I t  may be a c c e s s e d - a n d  e x e c u t e d  u s i n g  
GET,SFPPLTX/UN=D023S 
SFPPLTX,XPFN,DOXXX 
The f i l e  XPFN i s  g e n e r a t e d  f o r  Z T A l  by t h e  s u p e r s o n i c  f u l l  
p o t e n t i a l  a n a l y s i s  as t a p e  1 when NMAX=O, TAPER=F.  
T y p i c a l  g r i d  program prompt r e s p o n s e  i s  
.- 
ORIGiNAE PAGE IS 
OF POOR QUALITY 
T y p i c a l  o u r p u t  i s  shown b e l o l i .  T' ;!?e =.  - 7 4  L.. ' is t r l n c a t e d  








ORIGINAL PAGE IS 
OF POOR QUALITY 
OUTPUT DATA 
r e g i o n  3 ,  s o l u t i o n  2 .  
eve ry  ~p marching s t e p s  as d e f i n e d  i n  t h e  heade r  d a t a .  
More d e t a i l e d  p h y s i c a l  p l ane  d a t a  can  be  o u t p u t  a t  
s p e c i f i e d  s t a t i o n s  u s i n g  t h e  pdrameter  NSPTI and t h e  
t a b u l a t e d  s t a t i o n s  fo l lowing  t h e  t r u e / f a l s e  h e a d e r  d a t a  
i n p u t .  
a r e  i n d i c a t e d  i n  t h e  fo l lowing  s k e t c h .  
component, U ,  i s  p o s i t i v e  o u t  o f  t h e  p l a n e  o f  t h e  p a p e r .  
Sample p r i n t e d  output  d a t a  i s  p r e s e n t e d  on t a b l e  V f o r  
Standard t a b u l a t e d  d a t a  i s  produced 
C a r t e s i o n  c o o r d i n a t e s ,  v e l o c i t i e s ,  and mesh i n d i c e s  




k Skm ax 
4-- z,w . - 1  A 
Crossplane  d a t a  and t a b u l a t e d  s u r f a c e  p r e s s u r e  
c o e f f i c i e n t  d a t a  a t  c o n s t a n t  span  s t a t i o n s  ( i . e .  z )  a r e  
o u t p u t  v i a  t a p e s  1 and 9 r e s p e c t i v e l y .  These f i l e s  a r e  
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A g r a p h i c s  geometry and s u r f a c e  p r e s s u r e  c o e f f i c i e n t  
outpu't p r o c e s s o r  f o r  t h e  Tech t ron ix  4 1 1 4  has  been r e c e n t l y  
deve loped  t o  s u p p o r t  advance 
f u l l  p o t e n t i a l  a n a l y s i s .  I t  
GET,SFPPLT/UN=D0235 
SFPPLT,FPIN,FPOUT,DOXXX 
The p e r t i n e n t  f i l e s  a re  
NAME TYPE 
SFPPLT I D  
FPIN DA 
FPOUT DA 
d e s i g n  e f f o r t  u s i n g  t h e  s u p e r s o n i c  
may a c c e s s e d  and execu ted  u s i n g  
DESCRIPTION 
Proc  f o r  P o s t  P r o c e s s o r  
SFP Output  Data S e t  < 5 C h a r a c t e r s .  
UN=DOXXX 
C r e a t e d  t o  S t o r e  P o s t  P r o c e s s o r  
Output  f a r  Debug i f  n e c e s s a r y .  
The i n p u t  f i l e  FPIN i s  g e n e r a t e d  by s u p e r s o n i c  f u l l  p o t e n t i a l  
a n a l y s i s  a s  t a p e  9 o u t p u t .  This  f i l e  must b e  e d i t e d  as  f o l l o w s :  
1. D e l e t e  *€OR's and r e p e t i t i o u s  r e s u l t s .  
2 .  D e l e t e  cone s t a r t i n g  s o l u t i o n  o f f  f r o n t  end. 
3 .  Add t h e  f o l l o w i n g  d a t a  a t  t h e  beg inn ing .  
( a )  T i t l e  Card 
(b) Mach Number and Angle o f  A t t a c k .  One c a r d ,  
(c )  Number of  t r a i l i n g  edge p o i n t s .  One c a r d ,  
(d) Planform t r a i l i n g  edge d a t a .  Inpu t  t r a i l i n g  
format  2 E 1 2 . 5 .  
format  13. 
edge X from r o o t  t o  t i p ,  f o r  each s e c t i o n  
s t o r e d  i n  FPIN. Format 5E12.5 
4 .  Check end o f  d a t a  s e t  t o  make s u r e  t h e  l a s t  x - s t a t i o n  
i s  f u l l y  r e p r e s e n t e d .  I f  i i  i s  n o t ,  (examine p r e v i o u s  
x - s t a t i o n  t o  s e e  a f u l l y  r e p r e s e n t e d  example) '  d e l e t e  
t h e s e  incomple t e  d a t a .  
5. I f  you do n o t  want a p a r t i c u l a r  z -v-a lue  (3 rd  column) t o  
be i n c l u d e d  i n  t h e  d a t a  you w i l l  p r o c e s s ,  d e l e t e  any 
r e f e r e n c e  t o  such  d a t a . o u t  o f  t h e  3rd column a t  t h e  
very end o f  t h e  d a t a  s e t .  
Sample g r a p h i c s  p o s t  p r o c e s s o r  i n p u t  d a t a  i s  p r e s e n t e d  on 
Tab le  V I .  
11 7 
The fo l lowing  n i n e  p o s t  process.or o p t i o n s  a r e  a v a i l a b l e  
t o  t h e  a n a l y s t .  
a mEND 
1 TODISPLAY PLANFUFW 
2 
3 
4 TO DISPLAY SECTION C P S  
5 TO DISPLAY SECTION UC 
6 TO DISPLAY SPANWISE Ct ,CD,XCP 
7 TU DISPLAY PLANFORt.1 ISQBMS 
8 TO CREATE BWNDARY LAYER OATA FILE 
TO DISPLAY 3-0 VIEW OF WING Z/C 
TO DISPLAY 3-0 VIEW OF WING CP S 
The l a s t  c r e a t e s  a boundary l a y e r  a n a l y s i s '  i n p u t  f i l e  
FPINBL f o r  t h e  upper  and lower  s u r f a c e .  T h i s  d a t a  must 
b e  e d i t e d  t o  remove t h e  f i r s t  STOP c a r d ,  u p d a t e  c a s e  
i d e n t i f i c a t i o n ,  s t a t i c  p r e s s u r e  and t e m p e r a t u r e ,  and 
s p e c i f i e d  t r a n s i t i o n  p o i n t  l o c a t i o n .  
118 
____ 
T-ULE VI POST PRCCESSOR INPUT FILE STRUCTURE , 
.12fsE-e0 
.2 1 a4€-88 
.8487E-BI . r57cE*aB 
.6772€-02 . I 7 6 x 4 0  
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I Region 1 - - 
R e g i o n  5 
Figure 1. Sample  P r o b l e m  
1 2 3  
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Abs t r ac t  
An i m p l i c i t ,  c o n s e r v a t i v e  t r ea tmen t  for  the 
unsteady f u l l  p o t e n t i a l  e q u a t i o n  in two-dimensions 
is presented.  The method employs a l o c a l  t i m e  
l i n e a r i z a t i o n  f o r  d e n s i t y ,  and i n t r o d u c e s  f l u x  
b i a s i n g  concep t s  based on s o n i c  c o n d i t i o n s  f o r  t h e  
g e n e r a t i o n  of a r t i f i c i a l  v i s c o s i t y  t o  c a p t u r e  
shocks without  any overshoots .  The boundary con- 
d i t i o n  is t r e a t e d  i m p l i c i t e l y  us ing  a s p l i t t i n g  
procedure c o n s i s t e n t  with the  approximate f a c t o r -  
i z a t i o n  scheme. This a l lows  f o r  ex t r eme ly  l a r g e  
Courant numbers, even for nonorthogonal  g r i d  a t  
t h e  body. The method has a p p l i c a t i o n  not on ly  t o  
unsteady problems, bu t  a l so  to  g e n e r a t e  t h e  start- 
ing b l u n t  body s o l u t i o n  f o r  a s u p e r s o n i c  f u l l  PO- 
t e n t i a l  marching code. R e s u l t s  are p resen ted  f o r  
flows over c y l i n d e r s ,  sphe res  and a i r f o i l s .  Com- 
pa r i sons  are made wi th  a v a i l a b l e  E u l e r  and f u l l  
p o t e n t i a l  r e s u l t s ,  and are in e x c e l l e n t  agreement. 
I. I n t r o d u c t i o n  
Nonlinear  aerodynamic p r e d i c t i o n  methods based 
on t h e  s t e a d y  form of the f u l l  p o t e n t i a l  e q u a t i o n  
are used r a g u l a r l y  f o r  t r e a t i n g  t r a n s o n i c 1  D2 and 
~ u p e r s o n i c ~ - ~  f lows  over real is t ic  wing-body con- 
f i g u r a t i o n s .  Numerical a l g o r i t h m s  to  compute t h e  
uns t eady  form of t h e  full p o t e n t i a l  e q u a t i o n  is 
s t i l l  in a developmental  s t a g e ,  and s e v e r a l  re- 
s e a r c h e r ~ ' ~ ~  
g r e s s  in t h i s  area. There are s e v e r a l  i s s u e s  
involved in t h e  c o n s t r u c t i o n  of a r o b u s t  and e f f i -  
c i e n t  numerical  a lgo r i thm f o r  the unsteady f u l l  
p o t e n t i a l  equa t ion .  They are: 1) proper  treat-  
ment of boundary c o n d i t i o n s  in a nonorthogonal  
g r i d  system, 2)  c o r r e c t  f o r m u l a t i o n  f o r  t he  pro- 
d u c t i o n  of a r t i f i c i a l  v i s c o s i t y  t o  c a p t u r e  s h a r p  
shocks,  and 3) proper  t i m e  l i n e a r i z a t i o n  concepts .  
s e n t  a numerical  t r ea tmen t  of t he  unsteady f u l l  
p o t e n t i a l  e q u a t i o n  t h a t  p r o p e r l y  t a k e s  i n t o  ac- 
count  t h e  importance of t h e  above t h r e e  l i s t e d  
items. The paper  d i s c u s s e s  a l o c a l  t i m e  l i n e a r -  
i z a t i o n  procedure f o r  t r e a t i n g  t h e  t i m e  d e r i v a t i v e  
term, a f l u x  b i a s i n g  concept based on s o n i c  condi-  
t i o n s  ( i n s t e a d  of t h e  usua l  d e n s i t y  b i a s i n g  proce- 
d u r e s )  for t h e  t r ea tmen t  of s p a t i a l  d e r i v a t i v e  
terms, and a s p l i t  boundary c o n d i t i o n  procedure 
f o r  i n c o r p o r a t f o n  i n t o  an  approx ima te ly  f a c t o r e d  
i m p l i c i t  a lgo r i thm.  The r e s u l t i n g  uns t eady  method 
has  a p p l i c a t i o n  not  only to  uns t eady  problems in 
t r a n s o n i c s ,  but  a l s o  to g e n e r a t e  t h e  s t a r t i n g  
b l u n t  body s o l u t i o n  f o r  a f u l l  p o t e n t i a l  super-  
s o n i c  marching code.6 
paper ,  when combined with the  s t e a d y  methods of 
Refs. 4-6 ,  prov ides  a complete t r e a t m e n t  of t h e  
f u l l  p o t e n t i a l  equat ions.  
have r e c e n t l y  made s i g n i f i c a n t  pro- 
The o b j e c t i v e  of the p r e s e n t  paper is t o  pre- 
The unsteady method of t h i s  
R e s u l t s  are p r e s e n t e d  f o r  f lows over  c y l i n -  
d e r s ,  s p h e r e s  and a i r f o f l s  a t  v a r i o u s  Nach num- 
b e r s ,  and some comparisons are made wi th  Eu le r  
s o l u t i o n s .  Use of  t h e  s p l i t  boundary c o n d i t i o n  
t e c h n i  ue  combined wi th  t h e  f l u x  b i a s i n g  con- 
c e p t ~ , ~ ~ ~ ~ ~  has produced a very robus t  method 
which, even f o r  a d i f f i c u l t  case with a f i s h - t a i l  
shock a t  the t r a i l i n g  edge of an  a i r f o i l ,  d i d  no t  
r e q u i r e  any user s p e c i f i e d  " c o n s t a n t s " ,  such as 
t h e  ones d i s c u s s e d  in Ref. 2. 
The paper a l s o  p r e s e n t s  t h e  r e s u l t s  from a 
"hybrid"  c a l c u l a t i o n ,  wherein t h e  s p h e r i c a l  b l u n t  
body s o l u t i o n  from t h e  uns t eady  code has been 
e f f e c t i v e l y  used to provide t h e  i n i t i a l  d a t a  p l ane  
fo r  a s u p e r s o n i c  marching c a l c u l a t i n g  performed 
ove r  t h e  S h u t t l e  O r b i t e r  geometry. 
11. Formulat ion 
The two-dimensional/axisymmetric uns teady  f u l l  
p o t e n t i a l  e q u a t i o n  w r i t t e n  in a body- f i t t ed  coor-  
d i n a t e  system r e p r e s e n t e d  by 7 = t ,  r: = t ( x , y , t )  
and n = n ( x , y , t )  t a k e s  t h e  form 
where, 
S = 0 f o r  two dimensions,  = 1 f o r  axisymmetr ic  
p = d e n s i t y  = [l- e 2  M-(24, + Cb, 
V = n t  + aI2br. + a224,,; V = V  + n t  
n n 
J = J a c o b i a n  = 1: n - r rl 
X Y  Y Y  
The d e n s i t y  a and the  f l u x e s  oU and pV are 
complicated n o n l i n e a r  f u n c t i o n s  of 4 ,  t he  v e l o c i t y  
p o t e n t i a l .  Hence, t o  s o l v e  f o r  t~ from Eq. ( 1 )  
w i l l  r e q u i r e  a l o c a l  l i n e a r i z a t i o n .  
L e t  ' n '  be t h e  running index in t h e  t i m e  d i -  
r e c t i o n ,  'k' in t h e  r: d i r e c t i o n  and 'j' i n  t h e  n 
d i r e c t i o n  l e a d i n g  ou t  of t h e  s u r f a c e .  The objec-  
t i v e  is t o  s o l v e  Eq. (1) f o r  t~"+' a t  t h e  c u r r e n t  
time p lane ,  knowing t h e  in fo rma t ion  a t  n ,  n-1, 
n-2,. . . planes.  
j ,k 
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a A. Treatment of - i n  Eq. (1) a r  J 
I 1  1 I L 
vhere 
a i  =  AT^  AT^)^ 
b l  = A r i  
9 = 0 f o r  f i r s t  o r d e r  t i m e  accuracy 
8 = 1 f o r  second o r d e r  accu racy  
n+l - r n  
A r 2  = rn  - T ~ - ~  
I n  o r d e r  t o  write Eq. (2) i n  terms of bn+l ,  a 
l o c a l  time l i n e a r i z a t i o n  procedure is int roduced.  
A71 7 
b n h  n (y I - e (- + un + v -1 
2 a.5 aq ( 4 )  
where ' a '  is  the l o c a l  speed of sound. 
Combining Eqs. (3) and ( 4 ) ,  the non l inea r  
d e n s i t y  f u n c t i o n  i n  terms of 4 has been l i n e a r -  
i z e d ,  and t h e  c o e f f i c i e n t s  m u l t i p l y i n g  AI$ a r e  
e v a l u a t e d  a t  the known prev ious  t i m e  l e v e l .  TO 
main ta in  c o n s e r v a t i o n  form, bo th  pn+l and pn 
appea r ing  i n  t h e  f i r s t  term of Eq. (2 )  a r e  l i n -  
e a r i z e d  acco rd ing  t o  Eq. (3). 
a U Treatment of a (p 3) i n  Eq. ( 1 )  E. 
p+1 
(P ac J j , k+ l /2  
1 U n + L L (  e ;;,k+1/2 j,k+1/2 
'+' appearing i n  t h e  s p a t i a l  d e r i v a t i v e  
j ,k+1/2' 
j , k+l/2 -* where p 
term has been l i n e a r i z e d  t o  p The symbol 
- appea r ing  ove r  p deno tes  t h a t  t h e  d e n s i t y  h a s  
been m d i f  i e d  t o  produce t h e  necessary a r t i f  i c t a l  
v i s c o s i t y .  The modified d e n s i t y  is ob ta ined  from 
a f l u x  b i a s i n g  concept t o  be desc r ibed  l a t e r  i n  
t h i s  paper. 
a time a s y m l t o t i c  s t eady  s t a t e  does not e x i s t ) ,  
i n i t i a l l y ,  p *  is set t o  pn and then-subsequently 
i t e r a t e d  t o  convergence by s e t t i n g  p *  t o  t he  pre- 
v ious ly  i t e r a t e d  value of p a t  :he c u r r e n t  n+l 
t i m e  plane.  For problems where the  s t eady  state 
e x i s t s  and is of i n t e r e s t  ( s t e a d y  t r a n s o n i c  flow 
For a genuine unsteady problem (where 
- 
over  a i r f o i l s  o r  b l u n t  o b j e c t s ) ,  p *  is always set 
t o  zn and r e q u i r e s  no i n t e r n a l  i t e r a t i o n s  a t  n+l 
plane.  
The on ly  unknown i n  Eq. ( 5 )  i s  A@. 
h V C. Treatment of (p 7) i n  Eq. (1 )  
+ a22 "' + '")q)'j+1/2,k 
r *  is a modified d e n s i t y  based on j + l / 2  ,k S i m i l a r l y ,  p f l u x  b i a s ing .  
D. F l u x  B ias ing  P rocedure  
The d e n s i t y  z appea r ing  i n  Eqs. ( 5 )  and ( 6 )  is 
modif ied acco rd ing  t o  a f l u x  b i a s i n g  formula given 
f o r  U > 0 1 
f o r  U < 0 I 
f o r  V > 0 L 7 )  
f o r  V < 0 I 
where 
b q ) -  = bq-P*q*)  if q > q* 
- 0  i f  q < q* 
b = backward d i f f e r e n c e  o p e r a t o r  
3 = forward d i f f e r e n c e  ope r to r .  
The q u a n t i t i e s  p*q*, p *  and q* r e p r e s e n t  s o n i c  
v a l u e s  of t h e  f l u x ,  d e n s i t y  and t o t a l  v e l o c i t y ,  
r e s p e c t i v e l y .  These s o n i c  c o n d i t i o n s  a r e  g iven  by 
( u s i n g  t h e  d e n s i t y  and speed of sound r e l a t i o n -  
s h i p s )  
125  
Note t h a t  f o r  s teady f lows ,  t he  s o n i c  condi- 
t i o n s  p* and q* are only a f u n c t i o n  of the f r e e -  
stream Mach number, and for a g iven  f l o v  they  are 
c o n s t a n t s .  For unsteady f lows.  p* and q* need t o  
be computed everywhere due to  t h e  p re sence  of 8 ,  
in Eq. (8). 
Now, t h e  fo l lowing  f o u r  cases can  be de f ined .  
Subsonic  Flow (q < q* at (j,k+1/2) and a) 
(j,k-1/2)) f o r  U > 0, the  modified d e n s i t y  i n  Eq. 
(7) becomes 
= pj k+1/2 ( s i n c e  (pq)- a t  (j,k+1/2) and 
(j,k-1/2) is i e r o ,  according t o  Eq. (8). 
b) 
(j,k-1/2) f o r  U > 0, 
Super son ic  Flow (q > q* a t  (j,k+1/2) and 
For  s t e a d y  supe r son ic  flows where (p*q*) is a 
c o n s t a n t  eve ryvhe re ,  Eq. (10) reduces to  
u fq j , k-1/2, 
pj,k+l/2 a 'j,k-1/2 qj,k+1/2 
(11) 
c) 
and q < q* a t  k-1/2. Refer  t o  Fig. la). For  U > 
T r a n s i t i o n  Thkough Sonic  L ine  (q > q* a t  k+1/2 
0, 
4 -  
p*q* 
'j,k+1/2 
d )  T r a n s i t i o n  Through Shock (a. > q* a t  k-1!2 and 




E / H 
/ 
k-112; " k + 1 / 2  k + 3 / 2  Y 
c\ - 
k-1 n /  k +  1 k + 2  
a) TRANSITION THROUGH SONIC LINE 
H 
k-112 k +  1/2 k + 3 / 2  
k- 1 k + l  k + 2  
Y a V 
n - - 
b) TRANSITION THROUGH SHOCK 
Fig. 1 Nota t ion  f o r  f l u x  b i a s i n g .  
For  s t e a d y  €lows where p*q* is a c o n s t a n t ,  i t  
can be shown t h a t  a t  a pure supe r son ic  p o i n t  ( c a s e  
b above) ,  t h e  f l u x  b i a s i n g  procedure and t h e  usua l  
d e n s i t y  b i a s i n g  t echn ique  of Ret. 2 a r e  i d e n t i c a l .  
Using the fo l lowing  r e l a t i o n s h i p s :  
( 1 4 )  
a - h  
(Pq) - (pq-P*q*) 





















Using Eq. (17) ,  thus ,  f o r  a pure supersonic  poin t ,  
Eq. (7)  becomes, f o r  U > 0 
1 
H 




P j , k i 4 / 2  'j ,k+l/2 - v ( p j , k + l / 2  - 'j,k-1/2 
Equation (19) is the usual  dens i ty  b ias ing  tech- 
nique of Holst. However, while t r a n s i t i o n i n g  
through a sonic  l ine (case c )  or  through a shock 
(case  d) ,  the f lux  b ias ing  procedure of Eq. (7)  
accura te ly  monitors the sonic  condi t ions  p* and 
q*, as given by Eqs. (12) and (13). 
The advanta es of f lux  b ias ing  over the  
dens i ty  biasing$ scheme are: 
Does not requi re  any user s p e c i f i e d  cons tan ts  
( t h e  parameter ' c '  i n  Ref. 2) t h a t  depend on 
the s e v e r i t y  of the  flow. 
Provides a monotone p r o f i l e  through the shock 
wave ( f o r  d e t a i l s ,  see Refs. 12 and 13). 
Allows f o r  l a r g e r  Courant numbers t o  be taken 
during the  c a l c u l a t i o n  (by not producing unde- 
s i r e d  pressure overshoots  a t  shocks, h i c h  
could cause i n s t a b i l i t y  during t r a n s i e n t  
c a l c u l a t i o n s ) .  
Provides a two point  t r a n s i t i o n  through a 
shock wave. 
A d e t a i l e d  mathematical d e s c r i p t i o n  of the  
f l u x  biasing procedure can be found i n  the works 
of Osherl and Haf ez. 
E. Impl ic i t  Approximate F a c t o r i z a t i o n  
Combining the var ious terms of Eq. (1) given 
by Eqs. (2-6) w i l l  r e s u l t  i n  a f u l l y  i m p l i c i t  
model. This is solved using an approximate fac- 
t o r i z a t i o n  i m p l i c i t  algorithm. After  some 
rearrangement o f .  the  terms, the  fac tored  i m p l i c i t  
scheme becomes 
L L A @ = R  (20)  
c r l  
where 
Lc = [ l  + A r 1  U T + - -  a a @ aC J a l l  z1 
a = (1-9) + 9 [{al-bl(Arl + A r 2 ) / A r l ~ / / a l - b l } l  
and R c o n s i s t s  of var ious  known terms a t  n, n-1 
and n-2 leve ls .  
Equation (20) is solved a t  the (n+l)  plane i n  
two s teps .  
LC - R, Step 1 
L,, A@ - ET, Step 2 
;+I n 
@ j , k  = @.j,k + A 6 j , k  
Both L and L r e s u l t  i n  t r i d i a g o n a l  matrices. c rl 
F. Boundary Condition 
The d i r e c t i o n  C is along the body sur face  and 
q l eads  out  of the sur face .  The boundary condi- 
t i o n  f o r  the 4 opera tor  usua l ly  depends on the  
problem. It can be a plane of symmetry condi t ion ,  
a per iodic  condi t ion  or  a jump i n  0 condi t ion  t h a t  
goes with a l i f t i n g  a i r f o i l .  A l l  these  condi t ions  
a r e  e a s i l y  implemented i n  the 4 operator .  
c i a l  a t t e n t i o n  needs t o  be given f o r  the  boundary 
condi t ion  that is requi red  i n  the L, operator .  
For i n v i s c i d  flows, the  sur face  flow tangency con- 
d i t i o n  d i c t a t e s  t h a t  the  cont ravar ian t  v e l o c i t y ,  
V, be zero a t  the  body. Implementation of the  
condi t ion ,  V = 0, i n  the  4, opera tor  is a c r u c i a l  
s t e p  i n  achieving a true i m p l i c i t  scheme. 
Usually, the boundary condi t ion  V = 0 is set only 
i n  the  r i g h t  hand s i d e  term R of Eq. (21, and a 
careless or  no boundary condi t ion t reatment  is 
imposed In  the  l e f t  hand s i d e  L,, operator.2 I n  
the  present  method, the condi t ion V = 0 is imposed 
on both s i d e s  of the  Eq. (20). L e t  j = J denote 
the  body point. Then, 
Spe- 
o r  
(22) 
Now, the  following adjustments are made f o r  body 
poin ts  (using Eqs.  (21) and (22)): 
1. Se t  V = 0 i n  Eq. ( 4 ) .  2 
2. Replace a12(A@ + hn),, by - - ( A 0  + On)r 
i n  Eq. (5) .  a22 
The approximate f a c t o r i z a t i o n  a t  a body p o i n t ,  
J ,  is done a f t e r  t h e  above three  boundary condi- 
t i o n  s t e p s  are implemented. This leads  t o  t h e  
following approximate fac tored  scheme f o r  a body 
poin t ,  J. - -  - 




i = modified form of R i n  Eq. (20) a f t e r  
In Eq. (23).  t h e  boundary c o n d i t i o n  is s p l i t  
imposing V" = 0. 
between the two o p e r a t o r s ,  L and L . Even f o r  
nonorthogonal mesh a t  the bogy ( a l  'It 01, t h e  
boundary c o n d i t i o n  is s e t  imp l i c i t2y .  
f o r  l a r g e  time s t e p s ,  or  Courant numbers, t o  be 
taken du r ing  t h e  c a l c u l a t i o n .  Imposing Eq. (21)  
d i r e c t l y  i n t o  the L,, opera to r  i n  t h e  approximate 
f a c t o r i z a t i o n  of Eq. (20) would lead t o  an  ex- 
p l i c i t  t r ea tmen t  f o r  the p a r t  a12b5 i n  Eq. (21). 
For all c a l c u l a t i o n s  t o  be repor t ed  i n  t h i s  
paper,  the above s p l i t  boundary c o n d i t i o n  approach 
h a s  proved t o  be an  e f f i c i e n t  and robus t  method, 
even f o r  h i g h l y  nonorthogonal g r i d  a t  t h e  body. 
Th i s  a l lows  
111. R e s u l t s  
R e s u l t s  a r e  presented f o r  v a r i o u s  s t e a d y  flows 
computed using the unsteady code f o r  t i m e -  
asymptot ic  s t eady  s t a t e  s o l u t i o n .  The time-step 
A r l  appearing i n  Eq. (2 )  is computed from a pre- 
s c r i b e d  Courant number. When impu l s ive ly  s t a r t i n g  
t h e  c a l c u l a t i o n  from free-s t ream, t h e  Courant num- 
be r  is u s u a l l y  set a t  30 - 50, and as t h e  i t e r a -  
t i o n  proceeds,  t h e  Courant number is r a p i d l y  in- 
c reased  t o  very l a r g e  values  such as N O  - 2000. 
F igu res  2 and 3 show t h e  r e s u l t s  of a flow 
over  a c y l i n d e r  a t  M, = 0.4 and 0.45. A t  rZ, - 
0.4, t h e  flow is ba re ly  c r i t i ca l ,  and a comparison 
wi th  an  e f f i c i e n t  Euler  codei4 is e x c e l l e n t .  A t  
Ea, = 0.45, a shock is Eormed on t h e  c y l i n d e r  su r -  
f ace .  The f l u x  b i a s ing  procedure of Eq. ( 7 )  pro- 
duces a shock with no overshoots  and r e q u i r e s  no 
u s e r  s p e c i f i e d  ' c o n s t a n t s ' 2  t o  s t a b i l i z e  t h e  ca l -  
c u l a t i o n .  Ca lcu la t ions  of Figs.  2 and 3 r e q u i r e d  
40 t ime-step i t e r a t i o n s .  
F igu res  4 t o  6 show r e s u l t s  . f o r  s u p e r s o n i c  
f lows over a sphe re  a t  d i f f e r e n t  low Mach numbers 
1.08, 1.2 and 1.4. The d e n s i t y  d i s t r i b u t i o n  f o r  
a l l  t hese  cases a r e  corn a r e d  with a bench mark 
type Euler  c a l ~ u l a t i o n . ~ ~  
t i a l  c a l c u l a t i o n  r equ i r ed  80 t ime-steps t o  con- 
verge f o r  a l l  t h e s e  cases.  It is worth no t ing  a t  
t h i s  po in t  t h a t  t h e  Euler c a l c u l a t i o n s  of Ref. 15 
f o r  Mach number 1.08 required i n  excess  of 20,000 
i n t e r a t i o n s .  
F igu re  7 shows the  f low ove r  NACA 0012 a i r f o i l  
a t  Mach 0.75 and a = 2'. The p r e s s u r e  d i s t r i b u -  
t i o n  compares well with o t h e r  f u l l  p o t e n t i a l  meth- 
o d s a 2  Since t h e r e  a r e  no use r  s p e c i f i e d  param- 
e t e r s  i n  t h e  d i s s i p a t i o n  part of t h e  c a l c u l a t i o n  
(flux b i a s i n g ) ,  t h e r e  is only one flow s o l u t i o n  
f o r  t he  shock i n  t h e  p re sen t  method, and it has no 
overshoots .  This c a l c u l a t i o n  r e q u i r e d  200 i t e r a -  
t i o n s  t o  converge ( r e s i d u a l  
The presen t  f u l l  poten- 
F i g u r e s  8 and 9 show t h e  flow over  NACA 0012 
a i r f o i l  a t  M, = 0.98 and a = 0' and 2",  respec-  
t i v e l y .  The f i s h - t a i l  shock p a t t e r n  r e p o r t e d  i n  
Ref. 2 is n i c e l y  reproduced for  t h e  z e r o  deg ree  
case wi th  250 t ime-step i t e r a t i o n s .  A t  4' a n g l e  
of a t t a c k ,  t h e  t r a i l i n g  edge shock p a t t e r n  is 
changed. as seen  i n  Fig. 9. The t r a i l i n g  edge 
shock on t h e  lower s u r f a c e  is weakened, while  t h e  
one on t h e  upper s u r f a c e  grew in s t r e n g t h  compared 
t o  a = 0' case. Even t h e s e  seve re  flow c a s e s  wi th  
complex shock shapes r equ i r ed  on ly  minimal t i m e -  
s t e p  i t e r a t i o n s  and produced no unnecessary 
'wiggles' near shocks. 
c u l a t i o n  where t h e  unsteady code is used t o  gen- 
erate t h e  b l u n t  body s o l u t i o n  for s e t t i n g  up t h e  
i n i t i a l  d a t a  plane f o r  t h e  f u l l  p o t e n t i a l  marching 
code.16 A hybr id  c a l c u l a t i o n  was performed f o r  
t h e  f low ove r  t h e  S h u t t l e  O r b i t e r  a t  Ea, = 1.4, a = 
0". The r e s u l t s  of Fig. 6 were used a s  a s t a r t i n g  
s o l u t i o n  f o r  t h e  marching c a l c u l a t i o n .  The nose 
r e g i o n  geometry and t h e  p r e s s u r e  d i s t r i b u t i o n  
a long  t h e  l e e s i d e  symmetry of t he  O r b i t e r  a r e  
shown in Figs.  11 and 12. 
F i g u r e  LO shows t h e  schematic  of a hybrid cal- 
IV. Conclusions 
An i m p l i c i t  method f o r  t he  unsteady f u l l  po- 
t e n t i a l  e q u a t i o n  is presented.  The method employs 
a l o c a l  t i m e  l i n e a r i z a t i o n  p rocess ,  a €lux b i a s i n g  
t echn ique  f o r  g e n e r a t i o n  of a r t i f i c i a l  v i s c o s i t y ,  
and a s p l i t  boundary c o n d i t i o n  scheme c o n s i s t e n t  
w i th  t h e  approximate E a c t o r i z a t i o n  a lgo r i thm.  Re- 
s u l t s  f o r  f lows over  a i r f o i l s ,  c y l i n d e r s  and 
s p h e r e s  a r e  p r e s e n t e d ,  a long  with a ' hybr id '  c a l -  
c u l a t i o n  performed f o r  t h e  S h u t t l e  O r b i t e r ,  u s ing  
t h e  unsteady and s t e a d y  codes. Ex tens ions  of t h i s  
work i n t o  t h r e e  dimensions is c u r r e n t l y  i n  pro- 
g re s s .  Appropr i a t e  r e l a x a t o n  schemesi will re- 
p l ace  t h e  approximate f a c t o r i z a t i o n  procedur? i n  
t h r e e  dimensions.  
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ICAS-84-1.6.2 RELAXATION AND APPROXIMATE FACTORIZATION METHODS 
FOR THE UNSTEADY FULL POTENTIAL EQUATION 
Vijaya Shankar’, Hiroshi Ide” , and Joseph Gorskit 
Rockwell international Science Center 
Thousand Oaks, California 91360 
Abstnrct 
The unsteady form of the full potential equation is 
solved in conservation form using implicit methods based 
on approximate factorization and relaxation schemes. A 
local time linearization for density is introduced to enable 
solution to the equation in terms of #, the velocity poten- 
tial. A novel flux biasing technique is applied to generate 
proper forms of the artificial viscosity to treat hyperbolic 
regions with shocks and sonic lines present. The wake is 
properly modeled by accounting not only for jumps in 0, 
but also for jumps in higher derivatives of #, obtained from 
requirements of density continuity. The far field is mod- 
eled using the Riemann invariants to simulate nonreflecting 
boundary conditions. Results are presented for flows over 
airfoils, cylinders, and spheres. Comparisons are made with 
available Euler and full potential results. 
J. Introductioq 
Nonlinear aerodynamic prediction methods based on 
the steady form of the full potential equation are used 
regularly for treating traxsonic1.2 and s u p e r s o n i ~ ~ - ~  flows 
over realistic wing-body configurations. Numerical algo- 
rithms to compute the unsteady form of the full poten- 
tial equation are still in a developmental stage, and several 
researchers’- * have recently made significant progress in 
this area. There are several issues involved in the con- 
struction of a robust and efficient numerical algorithm for 
the unsteady full potential equation. They are: 1) proper 
treatment of boundary conditions in a nonorthogonal grid 
system, 2) correct formulation for the production of ar- 
tificial viscosity to capture sharp shocks, 3) proper time 
linearization concepts, 4) unsteady wake treatment, and 
5) nonreflecting outer boundary conditions. 
The objective of the present paper is to present a nu- 
merical treatment of the unsteady full potential equation 
that properly takes into account the importance of. the 
above listed items. The paper discusses a local time lin- 
earization procedure for treating the time derivative term, 
a flux biasing concept based on sonic conditions (instead 
of the usual density biasing procedures) for the treatment 
of spatial derivative terms, split boundary condition pro- 
cedures consistent with approximate factorization schemes, 
unsteady wake modeh with proper jumps in 4 and higher 
derivatives of # taken into account from density relation- 
ships, and nonreflecting unsteady far field procedures based 
on Riemann invariants derived from the characteristic 
theory. 
*Manager, Computational Fluid Dynamics Group 
“Member Technical Staff, Aircraft Operations Div. 
t Senior Technical Associate 
Copyright 1984 by ICAS and AIAA. ,411 rights reserved. 
Use of unsteady methods has application not only to 
unsteady problems, but also to time asymptotic steady 
state qolutions. If the unsteady method is constructed prop- 
erly (robust and efficient), then it can even be made to 
generate steady state solutions faster than methods based 
on the steady form of the equation. Also, in the unsteady 
method, since the time direction is always present, the hy- 
perbolicity of the unsteady full potential equation will allow 
one to obtain solutions to problenls across the Mach number 
range (subsonic, transonic, and supersonic), whether steady 
or unsteady. The unsteady method of this paper, when 
combined with the steady marching method of Refs. 4-6, 
provides a complete treatment of the full potential 
equation. 
Results are presented for flows over cylinders, spheres, 
and airfoils at various Mach numbers, and some compar- 
isons are made with Euler solutions. Use of the split bound- 
ary condition technique, combined with the flux biasing 
c o n ~ e p t s l ~ * ~ ~ ,  has produced a very robust method which, 
even for a difficult case with a fishtail shock at the trail- 
ing edge of an airfoil, did not require any user-specified 
Uconstants”, such as the ones discussed in Ref. 2. 
The paper also presents the results from a ‘hybrid” 
calculation, wherein the spherical blunt body solution from 
the unsteady code has been effectively used to provide the 
initial data plane for a supersonic marching calculation per- 
formed over the Shuttle Orbiter geometry. 
11. Formulation 
The two-diniensional/axisymmetric unsteady full po- 
tential equation written in a body-fitted coordinate system 
represented by 7 = t ,  < = f ( z , y , t )  and q = q(z,y,t) takes 
the form 
where 
S = 0 for two dimensions, = 1 for axisymmetric 
r 
1/(7-1) 1 +6& + Po,, - 1 
U = st + a1ldr + a124,; 6 = U + ct 
v = q: + a124, + a224,; v = v + qt 
a11 = f,” + si; (212 = szqz + syqy 
a22 = qf + ‘1; 
J = Jacobian = fzqy - ;yqy 
Th? density p and the fluxes pU and pV are com- 
plicated nonlinear functions of 4, the veiocity potential. 
135 
Hence, to solve for + from Eq. (1j will require a local 
linearizat ion. 
Let 'n' be the running index in the time direction, 'k' 
in tile i direction, and ' j '  in the q direction loading out of 
the surface. The  objective is to solve Eq. (1) for 4Y.i' at 
the current time plane, knowing the information a t  n, n- 1, 
n - 2,  . . . planes. 
A .  Tremuent of $ ($) in Eq. (1) 
(2) 
where 
a l  = (AT, + An)' 
b l  = ar? 
B = 0 for first order time accuracy 
0 = 1 for second order accuracy 
Arl = r"+' - 7" 
As, = 7" - rn- I  
In order to write Eq. 2 in terms of # " + I ,  a local time 
linearization procedure is introduced. 
pn+l A p n +  ($)'A#+ (3) 
where A 4  = ( # " + I  - 4"). The term ( z )  is a differential 
operator given by 
where 'a' is the local speed of sound. 
Combining Eqs. (3) and (4),  the nonlinear density 
function in terms of 4 has been linearized, and the coef- 
ficients multiplying A4 are evaluated at the known previ- 
ous time level. To maintain conservation form, both pn+l 
and p" appearing in the first term of Eq. (2) are linearized 
according to Eq. (3). 
B. Treatment of $ ( p ? )  
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where py,t:1,2 appearing in the spatial derivative term has 
been linearized to j j . k + 1 / 2 .  The symbol - appearing over 
p denotes that the density has been modified to produce 
the necessary artificial viscosity. The modified density is 
obtained from a flux biasing concept to be described later 
in this paper. For a genuine unsteady problem (where a 
time asymptotic steady state does not exist), initially, is 
set to j" and then subsequently iterated to convergence by 
setting j to the pre-time plane. For problems where the 
steady state exists and is of interest (steady transonic flow 
over airfoils or blunt objects), j is always set to 5' and 
requires no internal iterations at the n + 1 plane. 
The only unknown in Eq. ( 5 )  is A#. 
C. Treatment of (p: )  --_ 
Similarly, j j + l p k  is a modified density based on flux 
biasing . 
D. Biasing Procedure 
The spatial derivative terms given by Eqs. (5) and (6) 
are central differenced expressions about the node point 
(j, k )  and are symmetric operators. For shocked flows and 
for treatment of hyperbo!ic regions, these operators are 
desymmetrized by introducing the biased value of density 
in the upwind direction. This will create the necessary ar- 
tificial viscosity to form shocks and exclude the expansion 
shock. The biased value of density j can be obtained in 
several ways. Somt. of them are presented here. 
a )  Density Biasing2 (in the <-direction) 
c 
(7) 
where M is the local Mach number. For CJ > 0, the - sign 
and backward differencicg (+) is used ia Eq. (7) ,  while for 
U < 0, the + sign and (+) operator is used. 
b) Directional Flux Eiasing 
cl Streamwise Fiux Biasine 
c 4
(9) 
where S is the iocal streaniwise direction. Equation (9) can 
be rearranged as 
c c 
where Q = d m .  
In Eqs. (8) and (IO), the term (pq)- is defined to be 
(11) 
(Pq) -  = Pq - P*Q' if Q > Q* 
= O  . if q I q* 
The quantities p'q ' ,  p * ,  and q* represent sonic values 
of the flux, density, and total velocity, respectively. These 
sonic conditions are given by (using the density and speed 
of sound relationships) 
1 + V W Q )  (1 - 24r - st4c  - ~ 4 7 )  
( q * I 2  = 1+lw 
2 - 3  
(12) 
p' = (q'M Q) ) 2 / h - u .  
Note that for steady flows, the sonic conditions p' and 
q' are only a function of the freestream Mach number, and 
for a given flow they are constants. For unsteady flows, p' 
and q' need to be computed everywhere due to the presence 
of dr and other unsteady terms in Eq. (12). 
The density biasing based on flux, Eq. ( lo) ,  is more 
accufate than the one presented in Eq. (7), since it is based 
on sonic reference conditions. To illustrate the flux biasing 
procedure for various situations, Eq. (8) is considered. 
1 )  Subsonic Flow (q  < q' at ( j , k  f 1/2) and (j, k - 
1/2)) for U > 0, the modified density in Eq. (8) becomes 
2) Superscr li Flow (q  > q' at ( j ,  k + 1/2) and (j, k - -__ 
1/2)) fdr L' > 0, 
For steady supersonic flows where (p *q ' )  is a ccnstant 
everywhere, Eq. (14) reduces to 
3) Transition Through Sonic Line (q  > q' a.t k + 1/2 
and q < q' at k - 1/2. Refer to Fig. la.) For U > 0, 
4) Transition Through Shock (q  > q' at k - 1/2 and 
q < 9' at k + 1/2. Refer to Fig. Ib.) For U > 0, 
For steady flows where p'q' is a constant, it can be 
shown that at a pure supersonic point (case 2 above), the 
SONIC LINE / 
/ 
E / H 
/ 
k-112/ k + 1 / 2  k+312 
V " m V 
I\ 
k- 1 n /  k + l  k + 2  
a) TRANSITION THROUGH SONIC LINE 
H 
k-112 k +  112 k+312 
k- 1 k +  1 k + 2  
z V m V w 
b) TRANSITION THROUGH SHOCK 
Fig. 1. Notation for flux biasing. 
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flux biasing procedure, Eq. (8), and the usual density bias- 
ing techcique of Ref. 2, Eq. (7), are identical. 
= PCQ + PQC 
Using Eq. (20) 
Using Eq. (21), thus, for a pure supersonic point, Eq. (8) 
becomes, for U > 0 
1 
Using v = (1 - &), Eq. (22) can be written as 
jj.k+1/2 = Pj,k+l/2 - v(Pj,k+l/2 - pj,k-l/!2) 
= (1 - v)Pj,k+I/2 + "Pj,k-1/2- 
Equatiou (23) is the usual density biasing technique of 
Holst2. However, while transitioning through a sonic line 
(case 3) or through a shock (case 4), the flux biasing pro- 
cedure of Eq. (8) accurately monitors the sonic conditions 
p' and q ' ,  as given by Eqs. (16) and (17). 
The advantages of flux biasing over the density 
biasing2 scheme are: 
1. Does not require any user-specified constants (the pa- 
ranieter 'c' in Ref. 2) that depend od the severity of 
the flow. 
2. Provides a monotone profile through the shock wave 
(for details, see Refs. 12 and 13). 
3. Allows for larger Courant numbers to be taken during 
the calculation (by not producing undesired pressure 
overshoots at  shocks, which could cause instability dur- 
ing transient calculations). 
4. Provides a two point transition through a shock wave. 
A detailed mathematical description of the flux him- 
ing procedure can be found in the woiks of Osher12 and 
Hafez 1 3 .  
E. Unsteady Wake "reatment 
Figure 2 shows the schematic of a wake cut behind the 
trailing edge of an airfoil. This wake cut has to be properly 
modeled in the unsteady formulation. An expression for 
the jump in 4 across the wake cut can be derived by re- 
quiring that the pressure be continuous across the cut. In 
the full potential framework, this results in the continuity 
of density. Equating the density pu = pc at any point along 
the wake (refer to Fig. 2), one can write 
2 r t  + (uU + (40, - UJ, = 0 (24) 
assuming [Vd,] 2 0,  where [f] stands for the jump in the 
quantity given by (f,, - ft). Equation (24) is integrated 
from the trailing edge to the downstream boundary (along 
T E  in Fig. 2) to obtain the r distribution along the wake 
cut. To maintain stability, the s derivatives in Eq. (24) 
are upwind differenced. For a steady flow, Q. (24) will 
result in a constant value for r along the wake given by 
r = 4~ - in Fig. 2. 
Beside the r evaluation, solution to the unsteady equa- 
tion also requires information on (&) at a wake point. Re- 
ferring to Fig. 2 for notation, one can write the following 
using Taylor's series expansion. 
(25) 
4 2  = 43 - (4,)u + (4,q)uP + . . '  
4 2  = 43 - (#,It + (4 ,V)tP + ' ' ' 
The subscripts 'u' and 'P stand for upper and lower, re- 
spect ively. 
For the chosen coordinate system, requiring that 
(&), = - (&) t  and defining 4 2  - 4 2  = r, using Eqs. (25) 
one can write 
Equation (2G) requires an estimate foi the jcmp in &,, at 
the wake cut. This can be obtained by setting the jump in 
the equation to be zero at a wake point. 
u P., UPPER 
r w LOWER 
Fig. 2. Wake and outer boundary treatment. 
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Writing down Eq. (27) in terms of the transformation met- 
rics and requiring that pu = pt ,  the following relationship 
For steady flows, the jump in #, along the wake is zero 
because rr = 0. For unsteady flows, to maintain accuracy, 
Eqs. (24)-(28) have to be employed. 
F. Far Fieid Boundary Condition 
Along the outer boundary ABCDE in Fig. 2, appro- 
priate Riemann invariants are prescribed. The concept can 
be explaiced by considering the Cartesian form of the full 
potential equation cast in terms of the Riemann invariants. 
- ( u + ~ a ) + ( u + u ) -  a a u+- 
at az ( = O  
-(u--&a)t(u-u)- a a u-- = o  
at az ( 7 3  
(29) 
Equation (29) implies that along the (u + a)  positive char- 
acteristics the quantity u + * a  is invdant ,  and along 
the (u-a) negative characteristics the quantity (u -. &a) 
is invariant, known as the Riemann invariants. Usually, 
along the outer boundary, the Riemann invariant that cor- 
responds to the positive characteristics with respect to the 
inward normal can be prescribed as a boundary condition. 
For an arbitrary coordinate system ( 7 , < , q ) ,  such as the 
one in Fig. 2, the following boundary conditions are 
appropriate. 
( ) 
2 + -a  = constant along AB U -6 7 - 1  
U 2 
6 7 - 1  
V 2 
-- + -a = constant along ED 
+ - 0  = constant along BCD 
(30) 
-- 
67 - 1  
Riemann invariant boundary conditions is better than pre- 
scribing from the compressible vortex solution, and will 
serve as a nonreflecting boundary condition. 
Equation (30) is nonlinear in nature. Hence, to implement 
the Riemann invariant boundary condition, a linearization 
technique similar to Eq. (3) is employed. For example, 
equating the right hand side of E q .  (30) to the freestream 
value, along BCD one can write 
a a --?- (- + u- + v -  an "7 a( arl 
The finite differenced form of Eq. (31) will provide an es- 
timate for (Ad) along the outer boundary. Use of the 
G. Relaxation and Approximate Factorization Schenies 
be in terms of the unknown Ad. It can be written as 
When all the terms of E q .  (1) are put together, it will 
F(Ad)+R(#",#"- ' , . . . )  = 0 , A4 = d " + ' - ~ " .  (32) 
The Newton iterative procedure for solving Eq. (32) be- 
comes 
-(A#"+1 aF - Adi) = -R(#", 4"-',.. .) - F(A4') (33) 
aAd 
The off-diagonal elements of &, which cannot be accom- 
modated within the tridiagonal setup of SLOR, can be set 
to zero. In Eq. (33), Ad' represents the intermediate it- 
erative value of A+. For steady state problems, Adi can 
be set to Ad". If all the off-diagonal terms of are set 
to zero, then the relaxation process becomes the point Ja- 
cobi iteration. Results based on the relaxation procedure 
of Eq. (32) are presented in this paper. 
Another procedure to solve Eq. (32) is the approximate 
factorization technique. This can be written as 
L, L, Ad = R (34) 
where 
a = (1 - 0)  + 0 ({al - bI(A71 + Ar2)/Ar1} / {al - b l } ]  
Equation (34) is solved at the (n + 1) plane in two steps. 
L , a =  R , Step 1 
L,A+ =q , Step 2 
n+l - 
'$j,k - d7,k + W j . k  
Both L, and L ,  result in tridiagonal matrices. 
H. Body Boundary Condition 
For inviscid flows, the surface flow tangency condition 
dictates that the contravariant velocity, V I  be zero at the 
body. Implementation of the condition, V = 0, in the 
L ,  operator is a crucial step in achieving a true implicit 
scheme. Usually, the boundary condition V = 0 is set only 
in the right hand side term R, and a careless or no bound- 
ary condition treatment is imposed in the left hand side L ,  
operator'. in the present method, the condition 'v' = 0 is 
imposed on both sides of Eq. (34). Let j = J denote the 
body point. Then, 
= (a12d< + a22dq)J.k = (35) 
or 
['sing Eqs. (35) and (36) ,  2nd the relatlonship 
the L, and the L, operators in Eq. (34) czn be modified to  
the form, for a body point J ,  
L,L,,Aq5 = & (38) 
In Eq. (38), the boundary conditiou is split between the two 
operators, L, and L,. Even for ncnorthogonnl mesh at She 
body (a12 # 0), the boundary condition is set implicitly. 
This allows for large time steps, or Courant numbers, to be 
taken during the calculation. 
111. Results 
Computer codes based on both the reiaxation method 
(Eq. (33)) and the approximate factorization method 
(Eq. (34)) have been constructed for two-dimensional and 
axisynimetric problems. The grid around the geometry can 
be either a C-type (Fig. 2) or an 0-type. At present, the 
relxation method is somewhat slower (at  least 50%) in 
convergence than the approximate factorization code. How- 
ever, the future impleinentation of multigrid techniques" 
and implicit relaxation  concept^'^ to the present relzxation 
code can make it competitive to approximate factorization 
methods in three-dimensional applications, where the ap- 
proximate factorization methods with triple factorization 
can be less flexible to handle complex geometries". 
The unsteady code has been applied, at present, only 
to steady state problems. Calculations involving unsteady 
motions such as plunge, pitch, and oscillating flaps are cur- 
rently in progress. For steady state problems, the time step 
Arl appearing in Eq. (34) is computed from a prescribed 
Courant number, usually set much greater than one (- 50). 
Figure 3 shows the result for a flow over a cylinder at 
M ,  = 0.4. The flow is barely critical, and a comparison 
with an eficient Euler code14 is excellent. Figures 4 and 5 
show results for supersonic flows over a sphere a t  low Mach 
numbers of 1.08 and 1.4. The density distribution for these 
cases are compared with benchmark Euler  calculation^^^. 
The present full potential code required approximately 80 
time steps to converge (residual < lo-'). It is worth noting 
at this point that the Euler code of Ref. 15 requires in 
excess of 20,000 iterations to perform the low Mach number 
calculation of 1.08. 
Figure 6 shows the pressure distribution obtained over 
the NACA 0012 airfoil at M ,  = 0.8 and 0 = 0' with 
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Fig. 3. Mach number distribution for cylinder flow at hf, = 
0.4. 
a grid of 84 points around the airfoil and 18 in the 7- 
direction. The comparison with an Euler codeI4 is good. 
Figure 7 shows the results for M ,  = 0.75 and Q = 2' 
over the same airfoil. Even with a crude grid, the for- 
mation of a strong shock without any overshoots is made 
possible by the use of flux biasing concepts. C~lculations 
of this type require no user-specified 'constants" to in- 
crease or decrease the amount of dissipation. Depending 
on the strength of the shock, the flux biasing automati- 
cally chooses the right amount of dissipation, since it is 
based on sonic reference conditions. The perfect matching 
of pressure contours across the wake cut (Fig. 7) illustrates 
the correctness of the unsteady wake model described in 
this paper. Figure 8 shows some difficult cases with fishtail 
shocks. 
The unsteady code can also be effectively used to gen- 
erate the blunt body solution, the outflow of which is to be 
prescribed as an initial data plane for a full potential su- 
personic marching code'. Figure 9 shows the schematic of 
such a hybrid calculation. The flow over the entire Shuttle 
Orbiter with a blunt nose has been simulated at M ,  = 1.4 
and a = Oo.  The results of Fig. 5 were used as a starting 
solution for the marching calculation". The nose region 
geometry and the pressure distribution along the leeside 
symmetry of the Orbiter are shown in Figs. 10 and 11. 
Simulation of unsteady phenomena, such as flutter and 
control surface oscillations will be presented in the future. 
IV. Conclusions 
A computationzl treitment for the unsteady fnll po- 
tential equation is presented. The method employs 3 local 
tiiiie linqarizatiun, flux biasing concepts for geocration of 
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artificial viscosity, unsteady wake treatment, ofiter bound- 
ary conditions based on the Riemann invariants, and re- 
laa t ion  and approximate factorization algorithms. Use of 
the code for problems with steady state solution has been 
very effective and computationally fast. Extensiom cf this 
work to simulate uiisieady pbenomcna such a3 ilutter, and 
to  three dimensions to treat wings, and wing-body ccmbi- 
nations, are currantiy in progress. 
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